Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



f 



f 

t 



1 



1 BYRNE'S 



j DOCTRINE OF PROPORTION. 

I 



THE 



DOCTRINE OF PROPORTION 



I 



CLEARLY DEVELOPED, 

ON A COMPREHENSIVE, ORIGINAL, AND 

VERY EASY SYSTEM ; 

OR, 

THE FIFTH BOOK OF EUCLID 

SIMPLIFIED. 



/ 



BY 

OLIVER BYRNE, 

PROFESSOR OF MATHEMATICS, COLLEGE FOR CIVIL ENGINEERS ; CONSULTING 
ACTUARY TO THE PHILANTHROPIC LIFE ASSURANCE SOCIETY. 

AUTHOR OF 

" THB NEW AND IMPROVED SYSTEM OF LOGARITHMS ;'* " THE PRACTICAL, COKPLBTB, 

AND CORRECT OAOER;*' "A TREATISE ON SPHERICAL TRIOONOMETRY ;" "THB 

ELEMENTS OF EUCLID, BY COLOURS ;*' ** HOW TO MEASURE THB 

LENGTH OF A DEGREE ON THB EARTH'S 8URFACB, WITH 

THB ASSISTANCE OF RAILROADS;" ETC., ETC. 

INVENTOR OF 

"THB GAOBR'S PATENT CALCULATING INSTRUMENTS;" " THB SYSTEM OF FACILITATING THB 

ACQUIREMENT OF GEOMETRY, AND OTHER LINBAL ARTS AND SCIENCES, 

BY COLOURED DIAGRAMS ;" ETC., ETC., ETC. 






{ XonDon : 

J 

J. WILLIAMS, LIBRARY OF ARTS, 

No. 106, GREAT RUSSELL STREET, BLOOMSBURY. 

j 

MDCCCXLI. 

I 

4- 



I 



rr 




imURY, PRINTER, 
17, hfvl^t^iOfi H({UM^, Barbi^ran, Uwl^n. 



TO 



THE PRESIDENT, VICE-PRESIDENTS, 
COUNCIL, AND STUDENTS, 



OF THE 



COLLEGE FOR CIVIL ENGINEERS, 



THIS WORK IS DEDICATED, 



BY 



THEIR MOST OBEDIENT ISIlRVANT, 



THE AUTHOR. 



PREFACE. 



Prefaces are seldom read, because they are oftener 
written to magnify the merits of the books they 
introduce, or the doctrines which they advocate; to 
point out the defects, or run down the merits of others ; 
to gratify the pride of an ailthor, in showing the public 
how much he knows of the subject upon which he 
writes ; to forward the views of publishers, in creating 
a sale for their publications, rather than to prepare 
the mind for the reception of the subject about to 
be introduced, by giving a general view of the matter 
treated of, and the manner in which it is treated, or to 
set the reader on his guard, that he may steer clear of 
the diflBiculties and obstructions which may retard him in 
his progress, as all proemial matter ought to do. For 
these latter purposes alone this preface is written. 
Therefore all who intend to study these pages would 
do well to read attentively the following directions and 
observations; for the subject upon which they are 
written is considered one really difficult. 
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Why it should be considered so, will readily be 
conceived when such men as Legendre, Leslie, Keith, 
Bonnycastle, Austin, Brewster, Young, and in fact 
every one who has attempted to treat the doctrine of 
Geometrical Proportion on any plan differing from 
Euclid's, have committed errors, overlooked mistakes, 
retrenched the generality of Euclid's reasonings, fallen 
into logical absurdities, or confined the general applica- 
tion of a subject which pervades a whole course of 
mathematics ; while there is not one mistake, oversight, 
or logical objection in the whole of Euclid's Fifth 
Book. " In fact, Euclid's Fifth Book is a master-piece 
of human reasoning." 

Censure on the works of others should be avoided 
as much as possible, because it shows the want of 
knowledge; those who know least, censure most; to 
correct a copy is easier than to produce an original ; 
for men acquire criticism before ability, and it is mostly 
from those who possess no judgment that the most 
sweeping judgment comes. 

But we wish to impress on the reader not to 
consider for a moment that, while we thus point out 
the defects of others, any wish is entertained to detract 
from the well-earned reputation of such men as are 
here mentioned; for we should rather praise them for 
their worth, and admire and adopt their beauties, than 
condemn them for a few faults : any attempt on our 
part to detract from the merits of such men would be 
presumptuous, arrogant, and unjust. We point out 
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their oversights and mistakes alone, to imprint on the 
mind of the young mathematical student the necessity 
of close reasoning, and for the purpose of showing the 
consequences of coming to hurried and undigested 
conclusions; also, that the student might be made 
aware that a difficulty does exist ; the nature of such 
difficulty he should likewise know ; that he might, by 
the consideration of a sufficient number of examples, 
acquire confidence in the results of his demonstra* 
tions. 

Legendre, the great French geometer^ does not 
give proportion a place in his Elements of Geometry, 
for he was of opinion that the subject belonged to arith- 
metic, and algebra, not to geometry at all. Now this 
opinion must be totally wrong, for it is almost univer- 
sally allowed, that the most refined specimen of human 
reasoning jp to be found in Euclid's doctrine of geome- 
trical proportion; while no such concession can be 
made in favour of the subject when treated of either 
algebraically or arithmetically. It has been justly ob- 
served, that "any system of geometry made less by 
geometrical proportion must be miserably defective." 

Sir David Brewster, in his Translation of Le- 
gendre's Geometry, falls into a notable error, insomuch 
that he makes assertions which are not at all true. In 
speaking of Legendre, he says, " the author has pro- 
vided for the application of proportion to incommen- 
surable quantities, and demonstrated every case of this 
kind as it occurred, by means of the reductio ad absur^ 
dum'' This assertion Professor Young very justly 



questioned, and has given examples from Brewsterlst 
translation, where the inference does not hold good. 

Professor Leslie's " Elements of Geometry " is 
remarkable for false demonstrations ; and in his fifth 
book he demonstrates the propositions on proportion 
to be true, when the magnitudes are commensurable. 
The fact, that those demonstrations do not hold good 
when the magnitudes are incommensurable, seems well 
known to Mr. Leslie ; but that those magnitudes should 
also be homogeneous is altogether neglected by the 
learned professor. 

Mr. Keith, desirous of applying a new demonstra- 
tion to Proposition XVIII, in his edition of Euclid, 
falls into an egregious error, as he employs alternation 
to quantities whose antecedents might be heteroge- 
neous ; this mistake appears to be Tery common among 
Euclid's modem improvers^ and to account why it is so 
is rather diflB.cult ; but a deviation from truth is easily 
committed, as there is but one truth, and many seeming 
truths. 

Bonnycastle, in two of the principal proposi* 
tions of his fifth book, gives demonstrations undoubt- 
edly intended for general ones, which only apply to 
cases where all the magnitudes are of the same kind. 
That those demonstrations were intended for general 
ones there can be no doubt; for in his notes, page 
257, Bonnycastle finds fault with Euclid's method of 
composition and division of ratios, as not being suffi- 
ciently general ; and quotes Thomas Simpson as very 
properly making this remark : however, this assertion 
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of Bonnycastle, both with respect to T. Simpson mi 
Euclid, has been very justly contradicted by Professpr 
Young, after the lapse of thirty years. 

Dr. Austin, in his " Examination of Euclid," com?- 
mits the same error as Mr. Keith, that of allowing 
demonstrations which only apply to particular cases 
to be substituted for general ones : most probably Keith 
adopted his demonstration from Austin, who recom- 
mends it in a very high degree ; yet it is surprising 
how such errors can exist in the writings of such men, 
or how one can copy them from another without detect- 
ing them ; since to bear in mind that quantities of a 
diflFerent kind can have no ratio to each other would 
have prevented such oversights. 

That able mathematician and ingenious elementary 
writer, Professor Young, who so ably criticised bur 
modem writers on geometry, especially on this subject, 
in cultivating the ideas of M. da Cunha, falls himself, 
if not into an error, into a very great inconsistency — 
that of discarding Euclid's doctrine of ratios from his 
fifth book. He undoubtedly treats of geometrical 
proportion without using the term ratio ; but he gives 
other terms of a more lengthened nature, which pre- 
cisely convey the same meaning : now, to do away with 
ratio here, is to do away with it in every subject that 
follows, or through a whole course of mathematics; and 
any such attempt should not be entertained, for it is not 
so very difiicult to define what is intended to be ex- 
pressed by the term ratio. 

It is a diflFerent thing to have a clear conception of 
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what the technical tenn " ratio " is meant to convey, 
from knowing that what is intended by the term cannot 
be exactly expressed in many cases by numbers. Pro- 
fessor Young will not deny (for they are his own words) 
that " the term in reality denotes the quotient arising 
from the division of one magnitude or quantity by an- 
other of the same kind (or the multiple or submultiple 
which an antecedent is of its consequent) ; it is accu*- 
rately assignable (in numbers) when the magnitudes are 
commensurable, but unassignable (in numbers) when 
they are incommensurable." When this simple fact 
is known, what is to be understood by the term cannot 
be misconstrued, although we do allow that in many 
cases the exact ratio of one magnitude to another 
of the same kind cannot be expressed by numbers; 
this may be a fault in our present system of notation^ 
or in the plan adopted for finding a common measure, 
and not in our geometrical notion of that which is to 
be conveyed by the term. And the impossibility of a 
person rightly understanding what is meant by saying, 
as A is to B, so is C to D, without embodying the idea 
of what is here expressed by the term ratio cannot be 
denied ; it matters not by what phrase, word, form, or 
mode of language the idea is conveyed to the mind. 
The student will readily perceive that the term ratio is 
not intended- to convey a real and substantial essence, 
but merely a simple conception of the mind, which can 
be well defined, and not, as some writers would have it, 
an " ill-defined, or unknown term." No; it is a term so 
interwoven through almost every part of mathematics. 
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that to expunge it would be almost impossible; nor can 
any real good proceed from substituting another term 
in its stead. 

These strictures could have been carried much 
further ; indeed, they might include many mathematical 
writers of much more repute than those alluded to, and 
several of a minor consideration, whose names should 
not be ranked among geometers ; in the former class 
Dr. Simpson, the great restorer of ancient geometry, 
would not be exempt; nor even Newton^ for in the 
17th lemma of his "Principia," edit. 1713, and in other 
places, he uses given ratios^ and ratios that are always 
the same^ for one and the same thing ; but such mis- 
takes should not be admitted, as they may lead to 
other errors. Among the latter class, above referred 
to, may be mentioned the author of a tract entitled, 
" The Connection of Number and Magnitude," which 
is a curious mixture of " good and evil." To a young 
student it would be difficult to determine what doc- 
trine the Author advocates, as he seems to be one of 
those who, to guard against objections, take shelter in 
obscurity, and leave the meaning doubtful. 

Why so many writers on geometry wish to depart 
from Euclid's method of treating proportion is hard to 
be accounted for, yet how few of them have a correct no- 
tion of geometrical proportion ! it may partly arise from 
their unwillingness to acknowledge that Euclid, nearly 
2,130 years ago, had arrived at an ultimate stage of per- 
fection; and they would feign set up some contrivance 
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to show that their powers of improvement were not 
exhausted. 

While we uphold the opinion that it is indispensa- 
bly necessary to treat the doctrine of proportion geome- 
trically, and so highly esteem Euclid's method, let it 
not be supposed that we condemn the arithmetical or 
algebraical system of treatment, for we are convinced 
that the doctrine of proportion should be fully and fairly 
developed in every complete elements of arithmetic, of 
algebra, and of geometry ; because it is a subject which 
belongs to one as much as to either of the other two ; 
and on these three elementary sciences a whole course 
of mathematics is founded, through the entire of which 
the doctrine of proportion is mingled, and it matters 
not whether the structure be raised upon numbers, 
symbols, or lines, &c., the well-being of the combina- 
tion must wholly depend on the capacity and firmness 
of the foundations. 

For if we question the propriety of letting a?, y, z, 
&c , stand for magnitudes, regardless whether they be 
incommensurable or not, we must question the whole 
of our beautifiil system of analysis, which is just as 
certain in its results as plane geometry, and much more 
extensive in its application. 

Nor do we defend the system of showing how in- 
adequate numbers or letters are to express magnitudes, 
or their relations to one another ; for it is admirable to 
see how the parallel propositions agree, although ma- 
naged - by means essentially diflFerent. . To thoroughly 
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understand the doctrine of proportion, it should first 
be acquired arithmetically, then algebraically, and both 
these methods made subservient to the right under- 
standing the developement of geometrical proportion. 

The introduction of symbols into works on geo- 
metry is every day becoming more general ; and as 
by their assistance the demonstrations can be more 
perspicuously arranged, and the train of arguments 
exhibited more systematic and concise, it would there- 
fore be unnecessary to ofiFer any remark on their adop- 
tion in the present performance; besides, symbols, 
while recording each stage of the proposition faithfully, 
relieve the mind to contemplate the absolute quantities. 
But the symbols used in geometry must be considered 
not only as appropriate emblems of the quantities 
themselves, but also as expressive; and not as any 
measures or numerical values of them. 

However, lest the student should confound these 
visible symbols with the abstractions for which they 
stand, let us take A X B in a geometrical sense : now 
we have no idea of the product of two numbers, but of 
a real rectangular space, comprehended under two right 
lines, represented by A and ,B, with two others equal 

to them, to complete the parallelogram. 

B X C 
Nor is — T — to be understood in the light of an 

algebraic fraction, but as a right line which is a fourth 
proportional to three other right lines, which are re- 
presented by A, B, and C. And when we say, 

O • CU •' O • O' ^^ ^^ ^^* annex the idea to those, 
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that the circle is to the square as the rhombus is to the 
sector ; no, these quantities may represent any magni- 
tude whatever, whose antecedents and consequents are 
homogeneous abstractedly considered : but in pure 
geometry regard is always had to lines, surfaces, or 
solids. 

With respect to the explanation of signs used in 
this work, they need but little, as they are all in com- 
mon use in algebraic notation ; however, to be more 
particular, let us take a line from the demonstration of 
Prop. VII, viz. ; — 

'* .-, if M Q C-, =, or -3 »» [3 ^^®^ M A C-, =, or -3 m | |." 

This in ordinary language would be thus ex- 
pressed: therefore if M times the magnitude repre- 
sented by Q be greater, equal, or less than m times 
the magnitude represented by Q, then will M times 
the magnitude represented by (\ be greater, equal, or 
less than m times the magnitude represented by | \ 
When these distinctions are understood, the method of 
expressing demonstrations symbolically will be equally 
logical, strict, and convincing, without being attended 
with that tediousness and circuitous detail which fre- 
quently accompany other methods. 

Should the symbols which represent each magni- 
tude be diflferently coloured, it would greatly aid the 
student in the demonstrations. This system was ori- 
ginally intended, but abandoned, on account of the 
great expense of printing in colours : the want may be 
easily supplied by the learner. 



XVll 



One particular more may be worthy of remark, 
that is, with respect to the fifth definition, which has 
ever been a stumbling-block to students commencing 
the fifth book, and a source of much controversy and 
dispute among mathematicians, both in ancient and 
modern times. In this however we have adopted some 
slight modification in the words of the original text, 
but not the slightest change in the nature of the defini- 
tion ; the alteration principally consists in the adoption 
of " every equimultiple," instead of " any equimultiple 
whatever ;" for most beginners form a notion, from the 
last sentence, that any promiscuously-chosen equimul- 
tiple whatever would be suflSicient to test whether four 
magnitudes were proportional or not ; and seldom con- 
ceives that the conditions of the definition require to be 
fulfilled with every set of equimultiples that might be 
selected. This test for proportionals has been regarded 
by some as a paradox, or as a thing . impossible to be 
applied, and by others quite foreign to the purpose ; 
but it does not follow from this definition that an infi- 
nite number of trials must be made every time we want 
to test fqur proportionals ; we only want to establish 
this as a standard, and when once allowed the diflSiculty 
is at once removed. This we presume will be fiiUy 
established and readily comprehended from our enun- 
ciation of this definition. 

Innumerable have been the attempts to elude or 
surmount the obstacle contained in this definition, but 
not one of those have been more successful than an- 
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other, and on a mature consideration it is evident that 
no other definition essentially different could have been 
given equally applicable and general ; and it is very pro- 
bable that even those definitions, which since the time 
of Euclid have been proposed as substitutes for the fifth, 
presented themselves to him, and that from their want 
of generality he was obliged to reject them. It is true, 
definitions should require no explanation, nor should 
they contain words which need themselves to be defined 
— they should be clear and perspicuous : notwithstand- 
ing this we have explained many of the definitions 
more familiarly, lest the most ordinary capacity should 
fail to comprehend them. To teach should be the 
highest aim of a writer on elementary subjects, and not 
to adopt (which is too often the case) that stiff and 
formal manner so prejudicial to and inconsistent with 
the ideas of a learner ; every thing likely to embarrass 
should be explained, and that authorial kind of scien- 
tific dignity should be set aside when the object is to 
instruct others. 

The following are the objects for which this work 
is published: — ^to uphold Euclid's fifth book as t^e only 
legitimate doctrine of geometrical proportion as yet 
produced ; to show that proportion should be treated of 
algebraically and arithmetically as well as geometri- 
cally, as it equally belongs to all ; and to endeavour to 
clear, without destroying the universality and rigour 
of its conclusions, this extensive mathematical branch 
of that difficult, elaborate, and intricate reasoning 
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with which the prevailing opinion has so long 
charged it. 

How far these objects are attained remains for the 
impartial scientific public to decide, on whose judgment 
alone depends its approval or condemnation. * 



College for Civil Engineers, 

Putney, 19 November, 1840. 
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DEFINITIONS. 



I. 

A LESS magnitude is said to be an aliquot part or submultiplo 
of a greater magnitude, when the less measures the greater ; that 
is, when the less is contained a certain number of times exactly 
in the greater. 

Thus, if ° ° be contained in □□□□□□ three times exactly, the for- 
mer is said to be a submultiple of the latter. The numh^r 5 is said to be An 
aliquot part or submultiple of 20, because 5 measures 20 1 i.e., 5 is contained 
in 20 four times exactly ; the same may be said with respect to other numbers 
and magnitudes. 



II. 

A greater magnitude is said to be a multiple of a less, when 
the greater is measured by the less ; that is, when the greater 
contains the less a certain number of times exactly. 

Let the line A be 6 feet, and B one foot in length ; . . . '^ . . . 
A is said to be a multiple of B, because A contains B a b 

certain number of times exactly. Again ; 24 is said to 
be a multiple of 2, because 24 contains 2 twelve times, without leaving a 
remainder. 

B 



III. 

Ratio is the relation which one quantity bears to another of the 
same kind, with respect to magnitude. 

Several definitions have heen given of the term " ratio ;'' the following are 
quoted from some of the best writers on proportion : — 

** Ratio is a mutual relation of two magnitudes of the same kind to one 
another, in respect of quantity." — SimsovCs Euclid, 

** Ratio is the relation which one quantity bears to another in respect of 
magnitude, the comparison being made by considering what multiple part or 
parts one is of the other." — Wood's Algebra, 

** Ratio is that relation of two quantities of the same kind, which arises 
from considering what part or parts the one is of the other." — Bonnycastle's 
Geometry, 

'* Ratio is usually defined to be the relation which one quantity bears to 
another of the same kind, with respect to magnitude : and as such relation 
may be expressed either by stating how much one exceeds the other, or how 
often one contains the other; ratio has accordingly been divided into two 
kinds — arithmetical ratio, and geometrical ratio. 

'* Arithmetical ratio is that which expresses the difference of the quantities 
compared. 

** Greometrical ratio expresses the quotient arising from the division of the 
quantities compared." — Youmf% Algebra, 

If there he two Unes, one of which is 16 feet long, the other 3, the length 
of the former is said to have to that of the latter the ratio of 16 to 3 ; gene- 
rally written, 16 : 3, in which the first term (16) is called the antecedent, and 
the other (3) the consequent. Or the ratio is sometimes written in the form 
of a fraction, thus, ^-f equal 5i, showing that the antecedent contains the con- 
sequent h\ times. 

The area of a parallelogram, whose length is 4 feet and breadth 3, is to the 
area of another, whose length is 8 feet and breadth 6, in the ratio of 12 : 48; 
and may be expressed by the fraction ^ = ^, showing that the antecedent is 
I of the consequent. 

Let there be two cubes, each of the linear edges of the first is 4 feet, and of 
the second 2 feet ; then the length of all the linear edges of the first is to the 
length of all the linear edges of the second, as 48 : 24 : the area of the whole 
surface of the first is to that of the second, as 96 : 24, and the solidity of the 
first cube is to that of the second in the ratio of 64 to 8. In common language 
these ratios would be expressed by saying, the first cube is eight times as big 



as the second, the surface of the first is three times as great as the surface of 
the second, and the linear sides of the first are twice as long as those of the 
second. But, if the first of these be a cube of water, and the other copper, 
the ratio of the weight of the first is to that of the second very nearly as 8 : 9, 
or the first is only f ths the weight of the second, although it is 8 times as 
big; this can be easily shown, as a cubic foot of water weighs 1,000 ounces, 
and that of copper 9,000 ounces nearly. 

The term ratio is used in comparing different degrees of heat and light, and 
other things quite foreign to geometrical magnitudes. The doctrine of ratios, 
generally treated, requires not the aid of numbers, but the moment we 
descend to particular cases the idea of number presents itself; and, in many 
cases, numbers are inadequate to express exactly the ratios of geometrical 
magnitudes, or even the relations which exist among one another ; and yet 
although the ratios referred to cannot be expressed exactly by numbers, they 
can be expressed to any designed degree of exactness ; in such cases the term 
" ratio nearly'* is applied. Of this we will give one or two instances here: — 
When the diameter of a circle is 1, the circumference is 3.14159265 very 
nearly ; for although we cannot find what the true circumference is, yet we 
know that 3.14159265 does differ from it igoaooooo P^^ ^^ ^ ^^^ ' ^^^^ ^^ 
we infer that the ratio of the diameter to the circumference is as 1 : 3.14159265 
nearly. The ratio of the square root of 2, to the square root of 7, is 1.4142136 : 
2.6457513 nearly. 1.4142136 is not the exact square root of 2, nor can the 
exact square root be obtained ; but yet we may approach to it to any de- 
signed degree of exactness. The number above given does not differ looo^oopo 
part of a unit from the square root of 2, the same may be said of the number 
7 ; therefore we infer that 1.4142136 : 2.6457513 expresses the "ratio nearly" 
of the square root of 2 to the square root of 7. The term ratio has been ap- 
plied by mathematical writers to signify different relations, besides that relation 
which Euclid intended it to express ; this has led to a great deal of confusion, 
and should be discontinued, or the difference shown when such term is used. 
Some writers differ so far from Euclid's plan, as to say, " it matters not whe- 
ther we consider how often the first term contains the second, or how often 
the second contains the first ;" now, according to the principles laid down in 
Euclid's Fifth Book, 12 : 3 is said to be a greater ratio than 12 : 4, because 12 
contains 3 a greater number of times than 12 contains 4. Quite the contrary 
conclusion must be come to, if we consider how often the second term con- 
tains the first. This latter plan of comparing ratios must be instituted for the 
purpose of differing from Euclid, as it is not in any way superior ; and besides, 
the disorder that must follow in the comparison of ratios, by plans so widely 
differing ; for that which is called greater ratio by one, is a less ratio by the 
other. 
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In the arithmetical series, a, (r+ r, a + 2 r, a + 3 r, &c., r is sometimes called 
the common arithmetical ratio ; and, in the geometrical series, a, a r, ar^, 
ar^f &c., r is called the common ratio ; in the first of these series, r has no 
right whatever to the term ratio ; and, in the second, the ratio of the first 
term to the second, the second to the third, the third to the fourth, is 
expressed by , and not by r. 



IV. 

Magnitudes are said to have a ratio to one another, when they 
are of the same kind ; and the one which is not the greater can 
be multiplied so as to exceed the other 

[Tlie other definitions will be given throughout the book, where their aid 
is first required.] 



AXIOMS. 



Equimultiples or equisubmultiples of the same, or of equal 

magnitudes, are equal. 

If A = B, then 
twice A = twice B, that is, 
2A = 2B; 
3A = 3B; 
4A = 4B; 
&c. &c. 
and i of A = ^ of B ; 
iofA = iofB; 
&c. &c. 

II. 

A multiple of a greater magnitude is greater than the same 
multiple of a less. 

Let A cr B, then 

2 A C- 2B; 

3 A ET- 3B; 

4 A ET- 4 B; 
&c., &c. 

III. 

That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than the other. 





Let 2 A 


cr 


2 B, then 




A 


cr 


B; 




or 


, let 3 A 


cr 


3B, 


then 




A 


cr 


B; 




or, 


let mA 


c- 


mB, 


then 




A 


c— 


B 





PROP. I. THEO. 

If any number of magnitudes be equimultiples of as many 

others, each of each : what multiple soever any one of the first is 

of its part, the same multiple shall of the first magnitudes taken 

together be of all the others taken together. 

Let ••••• be the same multiple of •, that T ▼ ▼ ▼ ▼ is of T> 
that a a a a a is of a. 

Then it is evident that 



▼ ▼▼▼▼> is the same multiple of < ▼ 

DDDDD) ^D 

wbich that ##### is of #; because there are as many magni- 
tudes in <▼▼▼▼▼> =< ▼ > as there are in 



▼ ▼▼▼▼>=< ▼ > 

DDDDDJ i°J 



The same demonstration holds in any number of magnitudes, which has 
here been applied to three. 

.*. If any number of magnitudes, &c. 

Limited Arithmetical Exposition. 

7 is the same multiple of 1 
that 42 ... is of ... 6 

fy OO ... IS Ot . • . O 

and that 14 ... is of ... 2 
Then the sum of 7, 42, 35, and 14 or 98, is the same multiple of 1, 6, 7, and 
2 together, that 7 is of 1, that 42 is of 6, &c, t. e, 98 is seven times 14. 

Partial Algebraical Exposition, 

m a is the same multiple of a 

that mb , . . is of . . . b 

„ m c . . . is of . . . c 

and that md . . . is of . . . d 

&c., &c. 

.Mnfl + wii + mc + »irf+,&c., or m (a + ft + c + rf+,&c.,) is the same multiple 

ofa + ^ + c + rf+, &c., that m a is of a, m 6 is of b, &c. 



PROP. 11. THEO. 

If the first magnitude be the same multiple of the second 
that the third is of the fourth, and the fifth the same multiple of 
the second that the sixth is of the fourth^ then shall the first, 
together with the fifth, be the same multiple of the second that 
the third, together with the sixth, is of the fourth. 

Let ##9^ the first, be the same multiple of #, the second, 
that AAA, the third, is of A, the fourth ; and let #9##, the 
fiflh, be the same multiple of #, the second, that AA AA, the sixth, 
is of A, the fourth. 

Then it is evident, that < ^^^^ f f t^® fi^^* ^^^ fi^b toge- 
ther, is the same multiple of •, the second, that < a aaa t ' 
the third and sixth together, is of the same multiple of A, the 
fourth ; because there are as many magnitudes in < 

as there are in I ^^^^ J i^ A. 
.*. If the first magnitude, &c. 

Limited Arithmetical Exposition, 

20 the first, 2 second, 350 the third, 35 the fourth, 
18 the fifth, 315 the sixth. 

Then it is evident, that 20 and 18 together is the same multiple of 2, that 
350 and 315 together is of 35. 

Algebraical Exposition. 

m a the first is the same multiple of a the second that m b the third is of 
b the fourth, and n a the fifth is the same multiple of a the second, that n b the 
sixth is of d the fourth ; then it is evident that m a + n a, or (m + n) a the first 
and fifth together, is the same multiple of a the second that {mb + n b), or 
{m + n) b the third and sixth together, is of 6 the fourth. 
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PROP. III. THEO. 

If the first of four magnitudes be the same multiple of the second 
that the third is of the fourth, and if any equimultiples whatever 
of the first and third be taken, those shall be equimultiples ; 
one of the second, and the other of the fourth. 



the same multiple of d which ) a ^ a ( is of A 




1 







Uke^°°°°K which 




Then it is evident, 



DnDD 

that -^ „ „ „ % is the same multiple of a which 

DDDD 



is of ▼ ; because s nnnn r contains s do > contains a as many 




▲ 





times as< — ^Z^— /*• contains J a ^ a ? contains A : and 

the same reasoning is applicable in all cases. 
.'. If the first of four, &c. 
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Arithmetical Exposition, 

Suppose the first of four numbers to be three times the second, and the 
third three times the fourth, as 33, 11, 24, and 8. 

Then, if we take four times the first (132) and four times the third (96), it 
is evident that 132 is the same multiple of. 11 the second, that 96 is of 8 the 
fourth, for 132 is 12 times 11, and 96 is 12 times 8. 

Algebraical Exposition, 

Let the four magnitudes be mayaym b, and ^, take equimultiples of the first 
and third, as, n times the first, and n times the third ; then it is evident that 
n m Of or nm times a, is the same multiple of a, that n m d, or n m times b, is. 
ofb. 



DEFINITION V. 



Four magnitudes, •, d, a, and A, are said to be propor- 
tionals when every equimultiple of the first and third be taken, 
and every equimultiple of the second and fourth, as,^ 



&c., 



▲ ▲ 

▲ ▲▲ 

▲ ▲▲▲ 

▲ ▲▲▲▲ 

▲▲▲▲▲A 

&c. 



DD 

DDQ 

DDDD 

DDDDD 

DDDDDD 



AA 

AAA 

AAAA 

AAAAA 

AAAAAA 



Then taking every pair of equimultiples of the first and third, 
and every pair of equimultiples of the second and fourth. 



If 



•##c-,— or-^DD 1 




'AAc-/ = or-aAA 


##c-> = or-3aaa 


fw 


A Ac-* "-or -a AAA 


##C^, — or -J DDDD 


^ 

' fl ' 


A A c-; = or-a AAAA 


## c"# ZZOr-aDDDDD 


0) 

5 


A A c-, = or -3 AAAAA 


••cr,=:or-aaaaDDa- 




- A A cr# = or -a A A A AAA 



c 
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That is, if twice the first be greater, equal, or less than twice the second, 
twice the third will be greater, equal, or less than twice the fourth; or, if twice 
the first be greater, equal, or less than threejtimes the second, twice the third 
will be greater, equal, or less than three times the fourth, and so on, as above 
expressed. 



If 



•> = or-3 


DD- 




'AAAcr, — or-3 


AA 


,z=or-i, 


ana 




kkkcry = OT-D 


AAA 


•, — or-u 


aaaa 


AAAc-> = or-3 


AAAA 


•, — or-3 


aaaaa 


-♦J 


AAAc^, — or-D 


AAAAA 


-, — or-u 


aaaaaaj 




.kkkcr, = orrD 


AAAAAA 




&c. 




&c.. 


&C. 



&c., 

In other terms, if three times the first be greater, equal, or less than twice 
the second, three times the third will be greater, equal, or less than twice the 
foiuth ; or, if three times the first be greater, equal, or less than three times 
the second, then will three times the third be greater, equal, or less than three 
times the fourth ; or if three times the first be greater, equal, or less than four 
times the second, then will three times the third be greater, equal, or less than 
four times the foiuth, and so on. Ageun, 



If 



^iizor-^aa 




'kkkkcr,=or-o^^ 


, or-^aaa 


a 


AAAAc-, = or-3AAA 


•j — or -J g a go 




A A A A c-> = or-3 AAA A 


■, — or-^ggggg 


1 


A A A A c-> 1= or-3 AAAAA 


•, — or-^gggggg- 




. A A A A c-> = or-3 AAAAAA 


&c. 




&c., &c. 



&c.. 

And so on, with any other equimultiples of the four magnitudes, taken in 
the same manner. 

Euclid expresses this definition as follows : — 

The first of four magnitudes is said to have the same ratio to 
the second, which the third has to the fourth, when any equimul- 
tiples whatsoever of the first and third being taken, and any equi- 
multiples whatsoever of the second and fourth ; if the multiple of 
the first be less than that of the second, the multiple of the third 
is also less than that of the fourth ; or, if the multiple of the first 
be equal to that of the second, the multiple of the third is also 
equal to that of the fourth ; or, if the multiple of the first be 
greater than that of the second, the multiple of the third is also 
greater than that of the fourth. 
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In future we shall express this definition generally, thus : — 

If M # C-, zz or -3 m D, when M k crt =zor -^m ^. 

Then we infer, that • the first, has the same ratio to d, the se- 
cond, which ▲ , the third, has to A the fourth : expressed in the 
succeeding demonstrations, thus : — 

• :□::▲: A ; 
or thus, • : o zz A : A ; 

or thus, —ziz— : and is read. 

DA 

" as • is to D, so is A to A." 

And if • : □ : : A : A we shall infer if M # c-, i=: or -3 m d, 
then will M A c-> zr or -^ m A. That is, if the first be to the 
second, as the third is to the fourth ; then, if M times the first be 
greater than, equal to, or less than m times the second, then 
shall M times the third be greater than, equal to, or less than m 
times the fourth, in which M and m are not to be considered 
particular multiples, but every pair of multiples whatever ; nor 
are such marks as #, A, a, &c., to be considered any more than 
representatives of geometrical magnitudes. 

The student should thoroughly understand this definition before 
proceeding further. 



c2 
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PROP. IV. THEO. 



If the first of four magnitudes have the same ratio to the se- 
cond, which the third has to the fourth, then any equimultiples 
whatever of the first and third shall have the same ratio to any 
equimultiples of the second and fourth ; viz., the equimultiple of 
the first shall have the same ratio to that of the second, which 
the equimultiple of the third has to that of the fourth. 

Let • : a :: A : A, then 3 9:2a :: 3 ▲ :2 a., every equi- 
multiple of 39 and 3 ▲ are equimultiples of • and A, and every 
equimultiple of 2 a and 2 A, are equimultiples of a and A : 
(3. B. V). 

That is, M times 3 # and M times 3 ▲ are equimultiples of • 
and ▲, and m 2 a and m 2 A are equimultiples of 2 a and 2 A ; 
but • : a : : A : A (hyp.) ; /. if M 3 • c-> => or -a m 2 a, 
then M 3 A t=-* => "3 2 A (by the fifth definition), and, there- 
fore 3 •: 2 □:: 3 A : 2 A (by the fifth definition). 

The same reasoning holds good if any other equimultiple of the 
first and third be taken, and any other equimultiples of the second 
and fourth. 

.*. If the first of four magnitudes, &c. 



Arithmetical Illustration. 



Let 3 : 5 :: 9 : 15 be four numbers that are proportionals; and let us mul- 
tiply the first and third of these numbers by any other, say 5, and the second 
and fourth by any number, say 2, then we have 15 : 10 :: 45 : 30, for it is 
easily observed that fS = ^r or 15 contains 10 as often as 45 contains 30. 
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Algebraical Exposition* 

Let a : b :: c : df then will ma : n b :: m c : nd, because 

a : b :: c : d, I « ^ multiply both sides by - , and we have !!!£ = ^ 

b d • n nb nd 

.*. ma : nb :: mc I nd. 

Cor, Likewise, if the first have the same ratio to the second, which the third 
has to the fourth, then also any equimultiples of the first and third have the 
same ratio to the second and fourth ; and, in like manner, the first and the 
third have the same ratio to any equimultiples whatever of the second and 
fourth. 

That is, if a : d :: c : d^ then malb ::mc: d^ and ainb :: clnd. 

Because ^ =- .-. ^_- = _-- by multiplying both sides by m, and /. ma : ^ 
o a o a 

: : me: e\ it can also be readily shown that — r » -^ ,',a:nb *,: clnd, 

nb nd 
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PBOP. V. THEO. 

If one magnitude be the same multiple of another, which a 
magnitude tak^n from the first is of a magnitude taken from the 
other, the remainder shall be the same multiple of the remainder, 
that the whole is of the whole. 

Let OO = M' i 

D 
and r~] zz: M' D, 

... QQ -\J = M'^-Wo. 

n 

••• (X) = ''' (° " °)' 

and .-. J^yU = M' A. 
.*. If one magnitude, &c. 

As a particular arithmetical example, let us take the following : 

25 is 5 times 5 
5 is 5 times 1 

Remainder 20 is 5 times 4 



Algebraical E reposition. 

m a is the same multiple of a that mb is of by /. ma — m ^ is m times 
« — ^, for m a — mb = m{a — b) ; a supposed to be greater than b. 
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PROP. VI. THEO. 

If two magnitudes be equimultiples of two others, and if equi- 
multiples of these be taken from the first two, the remainder are 
either equal to these others, or equimultiples of them. 

O 

Let Q(^ = M' D and QQ = M' A; 

o 
o 

then Q(2) — »»' ° = M' D — m' D = (M' — m') a, 

o 

and □□ — m' A = M' A — m' A = (M' — m') A, 

which are equimultiples of a and A, and equal to D and A, 

when M' — m' :=z 1. 
.*. If two magnitudes be equimultiples, &c. 



For this case, as a particular arithmetical example, let us take — 

40 1 . r 4 

and > the same multiples of •< and 
50 J [ b 

From 40 take 3 times 4, the remainder is 28, and from 50 take 3 times 5, 

the remainder is 35 ; it is evident that 

28 T r * 

and y are the same multiples of •< and 
35 X [5 

From 40 take 9 times 4, and from 50 take 9 times 5, then the remainders 

are 4 and 5. 



Algebraically. 

m a is the same multiple of a that m b is of b ; from m a take n a, the 
remainder is m a — n a = {m — n)a ; from m b take n b, the remainder is 
m b — n b = {m — n) b* 

Then it is evident that {m — n^a is the same multiple of a^ that (m '- n)b 
is of ^ ; and (m ^ n)a ^ Ot SLtid {m ^ n) b c =: bj when m — n = L 
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PROP. A. THEO. 



If the first of the four magnitudes has the same ratio to the 
second, which the third has to the fourth, then, if the first be 
greater than the second, the third is also greater than the fourth ; 
and if equal, equal ; if less, less. 

Let # : a : : ▲ : A ; therefore, by the fifth definition, 

if •# c- °°> then will ▲ ▲ q- A A ; 
but, if 9 c ^9 then ## ^r °°> ^^^ ▲▲ c" A A> 

and, .*. ▲ c- A. 
Similarly, if # =z, or -^ D, then will ▲ zz:, or -3 A. 
.*. If the first of four, &c. 



DEFINITION XIV. 

Geometricians make use of the technical term ** Invertando," 
by invertion, when there are four proportionals, and it is inferred, 
that the second is to the first as the fourth to the third. 

Let A : B : : C : D, then, by «' invertando'* it is inferred 
B : A ::D: C. 



17 



PROP. B. THEO. 



If four magnitudes are proportionals, they are proportionals 
also when taken inversely. 

Let ^■.\T)::\J]:<^, 

then, inversely, FTl : rT) :: /o : [Tl. 

If M (T) -3 m (Tj, then M [T] -3 m ^4^, by the fifth definition. 

Let M ni -3 w rr), that is, w |V) c- M H"!, 

.-. M [T] -3 m /?), or, m <^ c~ M [T] ; 

.-. if m0 cr- M (T?, then will m A cr- ^ Q. 

In the same manner it may be shown, 

that it m [7^ — or -3 M [T}, 

then will m /o zr, or -3 M [71 ; 

and, therefore, by the fifth definition, we infer, 

that : (7^ • • H* 

.•. If four magnitudes, &c. 



D 
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PROP. C. THEO. 



If the first be the same multiple of the second, or the same 
part of it, that the third is of the fourth ; the first is to the second, 
as the third is to the fourth. 

Let rnr= rn* the Srst, be the same multiple of ^^, the second, 

that O /\0' ^^® *^^^^» ^^ ^^ 0» *^® fourth. 
Q 

Then □□0:0:: 0^0 --O. 
take M dpP' -O^ M 00<^, m^; 

rn 

because |_] ZZZ [_j is the same multiple of ^^ 
that \/y(^\/ is of (^ (according to the hypothesis) ; 

and M nbd[_| is taken the same multiple of |^' — ^| | 





that M < > V^ is of \//v \/> 

/. (according to the third proposition), 
M □}=:|[^ is the same mult, of Q that M <^V<0 is of(^. 



m 
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Therefore, if M Q*^ — 'Q be of Q a greater multiple than 
m (^ is, then M \/y{\y is a greater multiple of ^j than 
(^ is ; that is, if M Q' — '[]]] be greater than m Q* ^^en 
M \/y\\/ will be greater than m (2) J i^^ ^^^ same manner 
it can be shown, if M I | ' — ' I | be equal m Q* ^^®^ 

D 

M 0V<^ will be equal m (2). 
And, generally, if 

then M 0X0 ^^^ ^ cr, = or -=, tn {) ; 
.•.by the fifth definition, 

D°D ■■ O ■■■■ 0^0 = O 

Next, let O be the same part of [ |zid| | 




that () is of V X X \ y 
In tliU can also Q ' □Hd " O • Oy\0- 
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For, because 



O is the same part of Q ^— * [^ that (^ is o( <^X<^* 
therefore [ — [ j is the saaie multiple of (~^ 



that 0^0 '^ of O- 



Therefore, by the preceding case. 



and .-. O : G^D =: 6 : O^O' 

1—1 N/ 



by proposition B. 



.*. If the first be the same multiple, &c. 
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PROP. D. THEO. 



If the first be to the second as the third to the fourth, and if 
the first be a multiple, or a part of the second ; the third is the 
same multiple, or the same part of the fourth. 

Let ^^y^ : □ :: 

and first, let /^y^ ^^ a multiple ["] ; 

shall be the same multiple of (T^. 
Second. Third. Fourth. 

QQ 

Whatever multiple ^^-^T^^. is of L_j 
take ^3 /\C^ ^^® same multiple of CJ, 

O 1-1 

then, because z-^^^-s '" | ( ' '• 

and of the second and fourth, we have taken equimultiples, 
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that J<-^ is of Q. 




j<\^^ and C^ /\(3' *^®refore (cor. 4, B. v.), 

^ = ^...(A.B...>ogo = <:>g6 

and ^3 /\C_y ^® ^^® same multiple of ry 

o . 

OO 

Next, let n • QQ •• ^ ' ^X^' 

and also [_J a part of ^^-^T^^ > 

/\ 

then rj shall be the same part of \/ /^\/* 

Inversely (B. 5.), AA * D • • 

but j_] is a part of /"^\/^ > 
that is, /'^\^>. is a multiple of |_] ; 
.*. by the preceding case, \//^\/ is the same multiple of \~} 

i.e,f (Ty is the same part of 

that L_J is of z"^^^^' 
/. If the first be to the second, &c. 
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PROP. VII. THEO. 



Equal magnitudes have the same ratio to the same magnitude, 
and the same has the same ratio to equal magnitudes. 

Let (^ = ^y and [_] any other magnitude; 



then O : n = = □ ^'^•^ □ = O = D = 

because (^ :zr \y, 

.*. if M (]y C-, = or -3 w Q, then M Q cr» =i= or -:3 »» | | 

and .-. O • iU = • D (^' ^®^- ^•)- 
From the foregoing reasoning it is evident 

that, if m [~| c-, = or -:3 M Q, then, m Q c-> = or -^ M ^y 



. . Equal magnitudes, &c. 
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DEFINITION VII 

When of the equimultiples of four magnitudes (taken as in the 
fiflh definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the 
multiple of the fourth ; then the first is said to have to the second a 
greater ratio than the third magnitude has to the fourth : and, on 
the contrary, the third is said to have to the fourth a less ratio 
than the first has to the second. 

If, among the equimultiples of four magnitudes, compared as 
in the fiflh definition, we should find ##### cr- aooa, but 
▲ A A ▲ ▲ zr or -:3 A A A A, or if we should find any particular 
multiple M' of the first and third, and a particular multiple m' of 
the second and fourth, such, that M' times the first is ^t" ^' times 
the second, but M' times the third is not cr ^' times the fourth, 
i,€., z= or -3 m' times the fourth ; then, the first is said to have to 
the second a greater ratio than the third has to the fourth ; or the 
third has to the fourth, under such circumstances, a less ratio than 
the first has to the second : although several other equimultiples 
may tend to show that the four magnitudes are proportionals. 

This definition will in future be expressed thus : — 

If M'[^cr m' 0, but M'\J] = or-^m' <J), 
then (J^ : (T- H : <<>. 

In the above general expression, M' and m are to be considered 
particular multiples, not like the multiples M and m introduced in 
the fiflh definition, which are in that definition considered to be 
every pair of multiples that can be taken. It must also be here 

observed, that Uly 0, Qj, and the like symbols, are to be 
considered merely the representatives of geometrical magnitudes. 
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In a partial arithmetical way, this may be set forth as fol 
lows : — 

Let us take the four numbers, 8, 7, 10, and 9. 



First. 


Second. 


Third. 


Fourth. 


8 


7 


10 


9 


16 


14 


20 


18 


24 


21 


30 


27 


32 


28 


40 


^ 


40 


35 


50 


45 


48 


42 


60 


54 


56 


49 


70 


63 


64 


56 


80 


72 


72 


63 


90 


81 


80 


70 


100 


90 


88 


77 


110 


99 


96 


84 


120 


108 


104 


91 


130 


117 


112 


98 


140 


126 


&c. 


&c. 


&c. 


&c. 



Among the above multiples we find 16 c- 14 and W c- 18 ; 
that is, twice the first is greater than twice the second, and twice 
the third is greater than twice the fourth ; and 16 -^ 21 and 
20 -3 27 ; that is, twice the first is less than three times the 
second, and twice the third is less than three times the fourth ; 
and among the same multiples we can find 72 cr- ^^ and 90 cr- 72: 
that is, 9 times the first is greater than 8 times the second, and 9 
times the third is greater than 8 times the fourth. Many other 
equimultiples might be selected, which would tend to show that 
the numbers 8, 7, 10, 9, were proportionals, but they are not, for 
we can find a multiple of the first cr a multiple of the second, but 
the same multiple of the third that has been taken of the first 
not CI- the same multiple of the fourth which has been taken of 
the second ; for instance, 9 times the first is cr 10 times the 
second, but 9 times the third is not c- 10 times the fourth, that is, 
72 c- 70, but 90 not c- 90, or 10 times the first we find c- 11 
times the second, but 10 times the third not greater than 11 times 
the fourth. When any such multiples as these can be found, the 
first (8) is said to have to the second (7) a greater ratio than the 
third (10) has to the fourth (9). 

E 
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PROP. VIII. THEO. 



Of unequal magnitudes the greater has a greater ratio to the 
same than the less has : and the same magnitude has a greater 
ratio to the less than it has to the greater. 

A 
Let |_] and [_j be two unequal magnitudes, 

and ^^ any other. 
A 
We shall first prove that | | , which is the greater of the two 

unequal magnitudes, has a greater ratio to Q^ than | | , the 

less, has to Q ; 

A 

thatis, n:Otr-n-0- 

A 
take M' Q m' Q, M' []], and m' Q > 

such, that M' A and M' [_| shall be each cr- Qj ; 

also take m' ^^ the least multiple of ^^, 

which will make m' ^^ c- M' [_j ; 

.-. M' n is not c- rn' Q* 

A 

but M' □ is cr- t»' O' ^o^' 

as m' ^^ is the first multiple which first becomes q- M' { j » 

than (m' — 1) Q or w' Q " O ^s not cr- M' Q 

and (3 is c- M^ A, 
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... mQ — Q + Q must be -3 M' □ + M' A ; 



A 



A 



that is, m' Q must be -3 M' [_] ; 
A 

.*. M' lJ is cr ^ \^ ; l>ut it has been shown above that 

M' [_] is not c- m' Q, therefore, by the seventh definition, 
A 

I I has to (^ a greater ratio than V~\ : ^^J. 
Next we shall prove that \^ has a greater ratio to | [ , the 

A 

less, than it has to | [ , the greater ; 

Take m' Q' ^ D ^' O' ^nd M' Q 
the same as in the first case, such, that 

M' A and M' Q will be each c- O' ^^^ *^' O ^^® ^®^®^ 

multiple of ^_J, which first becomes greater than M' | \ 

/. ^Q) — Q) is not cr- M'Q 

and (^ is not -3 M' A ; consequently 

m' O — O + O is -^ M'Q + M' A; 

A 

.*. w' (]^ is -D M' I [ , and .*. by the seventh definition, 

A 

(^ has to \~\ a greater ration than (^ has to | | . 
.'. Of unequal magnitudes, &c. 



The contrivance employed in this proposition for finding, 
among the multiples taken, as in the fifth definition, a multiple of 
the first greater than the multiple of the second, but the same 
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multiple of the third which has been taken of the first, not greater 
than the same multiple of the fourth which has been taken of the 
second, may be illustrated numericdly as follows : — 

The number 9 has a greater ratio to 7 than 8 has to 7 ; 
that is, 9 : 7 d- B : 7 ; or, 8 + 1 : 7 c- 8 *. 7. 

The multiple of 1, which first becomes greater than 7, is 
8 times, therefore we may multiply the first and third by 8, 9, 10, 
or any other greater number ; in this case, let us multiply the 
first and third by 8, and we have 64 + 8 and 64': again, the first 
multiple of 7 which becomes greater than 64 is 10 times ; then, 
by multiplying the second and fourth by 10, we shall have 70 and 
70 ; then, arranging these multiples, we hare — 

8 times 10 times 8 times 10 times 

the first. the second. . the third. the fourth. 

64 + 8 70 64 70 

Consequently 64 + 8, or 72, is greater than 70, but 64 is not 
greater than 70, .-. by the seventh definition, 9 has a greater 
ratio to 7 than 8 has to 7. 

The above is merely illustrative of the foregoing demonstra- 
tion, for this property could be shown of these or other numbers 
very readily in the following manner ; because, if an antecedent 
contains- its consequent a greater number of times than another 
antecedent contains its consequent, or when a fraction is formed 
of an antecedent for the numerator, and its consequent for the 
denominator be greater than another fraction which is formed of 
another antecedent for the numerator and its consequent for the 
denominator, the ratio of the first antecedent to its consequent is 
greater than the ratio of the last antecedent ^o its consequent. 

Thus, the number 9 has a greater ratio to 7, than 8 has to 7, 
for |- is greater than - . 

Again, 17 : 19 is a greater ratio than 13 : 15, because 

17 __ 17 X 1 5 _ 255 , 13 _ 13 x 19 _ 247 y.^^.^ -. • • 

l9 -^ T9^ri5 — 285' ^""^ 15 — 15 X 19 — 285' *^^»<^e it IS evi- 
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dent that ^ is greater than ^, .-. ^ is greater than y|, and, 

£o9 Zoo la 19 

according to what has been above shown, 17 has to 19 a greater 
ratio than 13 has to 15. 

So that the general terms upon which a greater^ equal, or less, 
ratio exists are as follows : — 

If -^ be greater than -— , A is said to have to B a greater 

A C 

ratio than C has to D ; if — be equal to ■--, then A has to B the 

same ratio which C has to D ; and if A be less than ^ , A is 
said to have to B a less ratio than C has to D. 

The student should understand all up to this proposition per- 
fectly before proceeding further, in order fully to comprehend the 
following propositions of this book. We therefore strongly re- 
commend the learner to commence again, and read up to this 
slowly, and carefully reason at each step, as he proceeds, particu- 
larly guarding against the mischievous system of depending wholly 
on the memory. By following these instructions, he will find 
that the parts which usually present considerable difficulties will 
present no difficulties whatever, in prosecuting the study of this 
important book. 
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PROP. IX. THEO. 

Magnitudes which have the same ratio to the same magnitudes 
are equal to one another ; and those to which the same magnitude 
has the same ratio are equal to one another. 

Let = D :: O : D. 

then = O- 

For, if not, let \y c- C3' *^®^ ^^^^ 

O^D-^O^D (8B.V.), 

which is absurd according to the hypothesis. 

.•. \y is not c- (3* 

In the same manner it may be shown, that 

Q is not c- \/> 

''-0 = 0- 

Again, let Q : ^ : : Q : 0> ^^^^ ^^^^ 

= 0- 

For (invert.) <) ' HH •• O • D 
therefore, by the first case, ^y zr (_)• 

••. Magnitudes which have the same ratio, &c. 
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This may be shown otherwise, as follows : — 

Let A : B zr A : C, then B zz C, for, as the fraction 
^ zz the fraction -^, and the numerator of one equal to the 

numerator of the other, therefore the denominator of these frac- 
tions are equal, that is, B zz C 

Again, if B : A zz C : A, B zz C. For, as ^ = |, 
B must zz C. 



32 



PROP. X. THEO. 

That magnitude which has a greater ratio than another has unto 
the same magnitude, is the greater of the two ; and that magni- 
tude to which the same has a greater ratio than it has unto 
another magnitude, is the less of the two. 

Let g :nc-0 = D then I^^O 
For if not, let \y iz: or -3 Q ; 

then, ^ : □ = O • L] ("^ ^- V.) or 

^ • lH "^ O • lH (^ ^ v-) and (invert.), 
which is absurd according to the hypothesis. 

.'. r~/ is not iz: or -D (^, and 
.*. \~J must be c- C3* 

Again, let □ : O cr- n • "s?' 
then, Q^J^. 

For if not, ^^ must be c- or = \y* 

then □ : O ^ D • ^ (^ ^- ^0 *^^ (invert.), 
or [_] : ^^ zz: |_] : \y (7 B. v.), which is absurd (hyp.) ; 

•'• O ^^ ^°* c- or iz: n, 
and •. Q must be -zi w. 
. ' . That magnitude which has, &c. 
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The truth of this proposition may be shown thus : — 

A C 

Let A : B -3 C : B, then, A c" C, for as g c- 5, A 

must be CL C, by the reasoning before employed. And if 

B B 

B : C cr- B : A, C -3 A, for the fraction q cr x> and that 
this may be the case, C must be less than A. 
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PROP. XI. THEO. 



Ratios that are the same to the same ratio are the same to each 
other. 

Let •• □ = O = 9 -d O : ^ = -^ : ^ 
then will ^ : Q zz A : A. 

For if M ^ CI-, =r, or-3 m [^, then M Q c-* =:> or c- »»0 

and if M Q ^r-, =r, or -^ m n, then M ▲ c", =:, or -^ w A, 

(5 def. V.) ; 

.*, if M ^ C-, zr, or -3 m | | , MA c-* =:> or -3 m A, 
and .-. (5 def. vQ 0> ; | | zz A : A. 

/. I^atios that are the same, &c. 



Let A : B — C : 


D 


and A : B — E : 


F, 


then C : D — E : 


F, because 


A C 
B — D 




und J = 1 




. C E 
• D — F 





and .*. C : D zz E : F. 
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PROP. XII. THEO. 

If any number of magnitudes be proportionals, as one of the 
antecedents is to its consequent, so shall all the antecedents taken 
together be to all the consequents. 

then will 

For if M □ cr- »« O' ^^^^ ^ (} cr m (^, 

and mQc-^*^ 

M O cr »» A, 

also M A c- w #. (5 def. v.) 

Therefore, if M Q] cr »* O' *^®^ ^^^^ 

or M([J + + Q+ O -h a) 
be greater than m ^^ + m ^^ -|- m \~y -j- m A + m #, 

or « (O + <2> + v" + ^ + •)• 

In the same way it may be shown, if M times one of the ante- 
cedents be equal to or less than m times one of the consequents, 
M times all the antecedents taken together, will be equal to or 
less than m times all the consequents taken together. Therefore, 
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by the fifbh definition; as one of the antecedents is to its conse- 
quent; so is all the antecedents taken together to all the conse- 
quents taken together. 

.-. If any number of magnitudes, &c. 



Arithmetical Illustration. 

12 : 16 = 24 : 32 -= 6 : 8 = 3 : 4. 

Antecedents. Consequents. 
12 16 

24 32 

6 8 

3 4 

12 : 16 :: 45 : 60, or 24 : 32 = 45 : 60, &c. 



Algebraical Exposition, 

Let a:b^e:d=^e\f=:g:h 

a a 

-T-^-T- ,\ ab ^ ab 

a c J , 

— = T »\ a a ^ b c 
o a 

a e ^ , 

T = 7 •••«/=** 

Off X r 

and therefore ab + ad + af+ ah=:ba + bc + be + bff, 

or a (b + d + f + h) ^ b (a + c + e + g)y 

,\ a : b = a + c + e + g: b + d + f+ h. 



37 



PROP. XIII. THEO. 



If the first has to the second the same ratio which the third has 
to the fourth, but the third to the fourth a greater ratio than the 
fiflh has to the sixth ; the first shall also have to the second a 
greater ratio than the fiflh to the sixth. 

Let !^:0=:E1^<J>' ^^^ H -^ ^ cr- (l) : 0, 

then ^-{J)c=-(i)' 0- 

For, because Qj • \y c" \^ • CD' ^^®^® ^^^ some multiples 

(M' and m') of Q and <^, and of <^ and 0, 

such that M' Q] c- »»' <^, 

but M' ^^ not c- >»' Cl)» ^y the seventh definition. 
Let these multiples be taken, and take the same multiples of 

^ and (T). 

.-. (5 def. V.) if M' (^ cr-, =, or -33 m' ; 

then will M' QJ ^^ — , or -3 m' o), 

but M' Qj c- m' v/ (construction) ; 

but M' ^ is not c- w' (construction) ; 
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and therefore by the seventh definition, 
. • . If the first has to the second, &c. 



Let A : B = C : D, but C : D c- E : F, 

then A : B c- E : F. 

T? A _ C , ^ C E 

For B — ^ , but D =" F ' 

.*. B ^^ "F ^^^ /. A : B cr E : F. 
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PROP. XIV. THEO. 



If the first has the same ratio to the second which the third has 
to the fourth ; then, if the first be greater than the third, the se- 
cond shall be greater than the fourth ; and if equal, equal ; and 
if less, less. 

Let (^ : (J) : : Q] : ^, and first suppose 

(^ (T- Q ^^®" ''^'^^ © cr- <^. 
For Ul : {J) c- [J] • ^D (^ ^* ^0' ^^^ ^Y ^^® hypothesis, 

^:0 = [I1:O; 
.-. [D : <$> 1^ Q : (13 B v.), 

.-. <^ ^ (10 B. v.), 
or cr- <J>. 

Secondly, let 1^ = [»]• *''«" '^'^^ = 0' 
For 1^ : = : (7 B. v.), 

and 1^3^ : = : <5) (hyp-) ; 

.-. : = : <J> (11 B v.), 

and .'. = <J> (9 B v.). 
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Thirdly, if (^ T3 Q' *^^" '^^^^ CD "^ ' 
because [^J cr \v ^^^ 

= = ^ = 0= 

/. y/ cr (J), by the first case, 
that is, 13^ -D <^. 

'. If the first has the same ratio, &c. 



Let A : B 1= C : D. 

If A cTf =9 or -3 C, then will B cr-> => or -3 D. 

First, let A cr C, 

A C 

then it is evident "g c- g , 



but 


A 
B — 


C 
D ' 


• 
• • 


C 


C 
B ' 


.-. C B c- 


CD, 


and . 


'. B r 


- D. 



In the same way it may be readily shown, 

if A be 11= or -3 C, B will be zz or -3 D. 
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PROP. XV. THEO. 

Magnitudes have the same ratio to one another which their 
equimultiples have. 

Let Q^ and [_J be two magnitudes ; 
then, O = D - M' O : M' □• 

For O = D = O = D 

=o--n 

••■ = n '' 40:4n-a2B.v.). 
And as the same reasoning is generally applicable, we have 

.*. Magnitudes have the same ratio, &c. 



Let A and B be two numbers, and C and D equimultiples of 
them^ 

A : B :: C : D. 

Let C z=: n A and D m « B ; 

then it is evident that A : B II n A : nBy 

/.A » A 

^°' B = ^Tb • 

Q 
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DEFINITION XIII. 

The technical term permutando, or alternando, by permutation 
or alternately, is used when there are four proportionals, and it is 
inferred that the first has the same ratio to the third which the 
second has to the fourth ; or that the first is to the third as the 
second is to the fourth : as is shown in the following proposi- 
tion : — 

Let • : A : : O : A, 
by *' permuntando" or "altemando" it is inferred # : O : I A : A. 

It may be necessary here to remark that the magnitudes #, A, 
O, A, must be homogeneous, that is, of the same nature or simi- 
litude of kind ; we must therefore, in such cases, compare lines 
with lines, surfaces with surfaces, solids with solids, &c. Hence 
the student will readily perceive that a line and a surface, a sur- 
face and a solid, or other heterogenous magnitudes, can never 
stand in the relation of antecedent and consequent. 
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PROP. XVI. THEO. 



If four magnitudes of the same kind be proportionals, they are 
also proportionals when taken alternately. 

Let (T^ : (T) :: [7] -. <^, then ^ • [Zj •• • <3^- 
For M (^ : M :: (T;) : (15 B. v.), 

and M (T^ : M :: • <$> (^yp.) and (11 B. v.); 
Also m : m <J> :: : <3> (15 B. v.), 
/. m1^ : M|3J :: m0 : m <J> (14 B. v.), 
and .-. if M \y cry =r, or -3 m 0, 

then will M cr, =, or -^ m.<0> (14 B. v.) ; 
therefore, by the fifth definition, 

.-. If four magnitudes of the same kind, &c. 



I£ a : b II c : d then will a : c H b : d. 
Because the quantities are proportionals, 

a c 

1 — 1' 
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multiply each of these fractions by — , and we have 

c 

a b eh_ a b_ ^ 

he c d * c d* 

.'. a : c \\ h \ d. 

Unless the four quantities are of the same kind the alternation, 
as before observed, cannot take place, because the operation sup- 
poses the first to be some multiple, parts or part, of the third. 



DEFINITION XVI. 

Dividendo, by division, when there are four proportionals, and 
it is inferred that the excess of the first above the second is to the 
second as the excess of the third above the fourth is to the 
fourth. 

Let a \ b \\ c : d; 
by '^dividendo" it is inferred a — b : b He — d : d. 

According to the above, a is supposed to be greater than b, 
and c greater than d ; if this be not the case, but to have b greater 
than a, and d greater than c, b and d can be made to stand 
as antecedents, and a and c as consequents, by '^invertion" 

b : a II d : c ; 

then, by '* dividendo," we infer b — a: a \\ d — c : c. 
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PROP. XVII. THEO. 



If magnitudes, taken jointly, be proportionals, they shall also 
be proportionals when taken separately : that is, if two magnitudes 
together have to one of them the same ratio which two others 
have to one of these, the remaining one of the first two shall have 
to the other the same ratio which the remaining one of the last 
two has to the other of these. 

Letr7^ + 0:0::[[] + <>:<3>, 

then will 1^ • - H ' 0- 

Take M n^ c- m [^, to each add M [J), 

then we have mI^ + mI^) cr-wl3)4-M [J), 

or M (I^T) + 0) c- (»» + M) : 

but because f^ + '. I : 1 Q] + <$> ' <v) (^^P'^' 

and M (!^ + 0) c- (»» + M) 0; 

••• M ([]] + <4)) c- (m + M) <3> (5 def. V.) ; 

.-. M^aJ-i: rn\yy by taking M v!) from both sides : 
that is, when M (^ cr wi 0, then M Q] c- »» (y- 
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In the same manner it may be proved, 
that if M Ul zn or -i: m [J), then will M QJ zi: or -^ m \y ; 
and .-. (^ : :: H : <^. (5 def v.). 

/, If magnitudes taken jointly^ &c. 



Arithmetical Illustration. 
Let us take the proposition 

7 : 4 :: 21 : 12, 

or 3 + 4 : 4 :: 12 + 9 ; 12; 
then 3 : 4 :: 9 : 12. 



Algebraical Exposition. 

Let a + b : h :: c + d : dy 
then a : b \: c : d. 
Because a + b -. b i\ c + d i d\ 
a f_A _ c + d 

b ~ ~r~' 

•••7 + ^ = 7 + ^' 



a c 



> • 



b d* 

and .*. a : b :: c i d. 
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DEFINITION XV. 

The term componendo, by composition, is used when there are 
four proportionals ; and it is inferred that the first together with 
the second is to the second as the third together with the fourth 
is to the fourth. 

Let A : B : : C : D ; 

then, by the term *' componendo," it is inferred that 
A + B : B :: C + D : D. 

By *'invertion" B and D may become the first and third, 
A and C the second and fourth, as 

B : A :: D : C, 

then, by '* componendo," we infer that 
B + A : A :: D + C : C. 
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PROP. XVIII. THEO. 



If magnitudes, taken separately, be proportionals, they shall 
also be proportionals wheti taken jointly : that is, if the first be to 
the second as the third is to the fourth, the first and second toge- 
ther shall be to the second as the third and fourth together is 
to the fourth. 

Let 1^:0 ::[]]:<$>. 

then (J) + : :: Q + <J> : ^; 

for if not, let 1^ + : :: Q + Q = O 

supposing (_) not ^ ^^ ; 

.-. '^••0:*-IZ] = O (17 B. v.); 

but (T;) : :: : <3> (hyp.); 

••• = 0^:0 = <3> (iiB-^O; 

.-. O = <i> (9 B- ^o. 

which is contrary to the supposition ; 

•*• (Z) ^^ °^^ unequal to O^, 
that is O = ^; 

.*. If magnitudes, taken separately, &c. 
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This proposition may be illustrated arithmetically as follows : — 

Let us take the proportion 

4 : 5 :: 16 : 20, 

then 4 + 5 ; 5 :: 16 + 20 : 20 ; 

or 9 : 5 ;: 36 r 20. 



Algebraical Exposition. 

Let a I b :\ c '. dy 

then a ■¥ b '. h w c -^ d '. d\ 

because a : b : c : d^ 

a c 

J " d' 

to each of these fractions add 1, 

a + b c + d 

and /. a + b : b :: c + d : d» 

It may also be very readily shown that a + b ; a :: c + d : c. 

For if T =* -j > wid — = — » 
* d a c 

then will — +1 = — + 1 ; 
a c 

b + a d + c 



a c 

and consequently a + d : a :: <? + c : c. 



H 
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PROP. XIX. THEO. 



If a whole magnitude be to a whole, as a magnitude taken from 
the first, is to a magnitude taken from the other ; the remainder 
shall be to the remainder, as the whole to the whole. 

Let^ + (T):[T] + <J>::(;T7:[T]. 
then will : <J> :: ^ + : Q] + <J>, 

For (;t;i + = ^::[II + : H (^ite'O. 

.-. : 1^ : : <J> : Q] (divid.), 

again = <J> - f^ • Q (alter.), 
but (T) + : + <J> ;: (^ : [T] (hyp.); 

therefore = <J> - ([JJ + = Q + <J> (H B. v.), 
.'. If a whole magnitude be to a whole, &c. 



Arithmetical lUustration. 

Take the proportion 

21 : 9 :: 7 : 3, 

14 + 7 : 6 + 3 :: 7 : 3j 

then 14 : 6 :: 14 + 7 : 6 + 3, 

or 14 : 6 : 21 : 9. 
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Algebraical Exposition, 

Let « + * : c + cf : : * : rf, then a i c :: a -\- b i c + d, 
because a •¥ h i c •¥ d \: b i d, 
,'. a + b : b :: c + d I d (alter.), 
a + b c + d 



b 



$ 



.;. 3- + 1 = 5 + 1, 

a c 

'' T '^ d' 

.*. a '. b ;'. c : df 

.*• a \ c :', b I d \ 

but, by the hypothesis, a + b \ c ^ d ii b i dy 

and .*. a : c :: a + d : c + <f. 

Cor. If the whole be to the whole, as a magnitude taken from the first, is 
to a magnitude taken from the other; the remainder likewise is to the 
remainder, as the magnitude taken from the first to that taken from the other. 
The demonstration is contained in that of the preceding proposition 



DEFINITION XVII. 

The term *^convertendo/' by. conversion, is made use of by 
geometricians, when there are four proportionals, and it is in- 
ferred, that the first is to its excess above the second, as the third 
is to its excess above the fourth. See the following proposi- 
tion : — 
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PROP. E. THEO. 



If four magnitudes be proportionals, they are also proportionals 
by conversion : that is, the first is to its excess above the second, 
as the third to its excess above the fourth. 

Let oO = 6 '• DO •■ 0' 

then shall QO = O •• DO = (U- 

Because 06 = ••□0^0' 
therefore O = O •* CH ' ^**'^'-)' 

.'. If four magnitudes, &c. 



Arithmetical Illustration, 

Let the four numbers that are proportionals be 

17, 3, 51, and 9; 

then 17 : (17 - 3) :: 51 : (51 - 9), 

or 17 : 14 :: 51 : 42. 
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Algebraical Exposition 

Let a '. h '.'. c : dy 
ifvhere a is to be considered greater than b, and c greater than d ; 

then shall a -. a ^ b n c -. c -- d\ 
because a -. b v. c \ dy 

b : a :: d : Cy 
.'. a — b : a :: c '" d : Cy 
.*. a : a — b :: c : e ^ d. 



DEFINITION XVIII. 

"Ex aequali" (sc. distantly), or ex aequo, from equality of dis- 
tance : when there is any number of magnitudes more than two, 
and as many others, such that they are proportionals when taken 
two and two of each rank, and it is inferred that the first is to the 
last of the first rank of magnitudes, as the first is to the last of 
the others: *'of this there are the two following kinds, which 
arise from the different order in which the magnitudes are taken, 
two and two." 



DEFINITION XIX 

"Ex 8equali,"from equality. This term is used simply by itself, 
when the first magnitude is to the second of the first rank, as the 
first to the second of the other rank ; and as the second is to the 
third of the first rank, so is the second to the third of the other ; 
and so on in order: and the inference is as mentioned in the 
preceding definition ; whence this is called ordinate proportion. 
It is demonstrated in the 22nd Prop., Book v. 
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Thus, if there be two ranks of magnitudes^ 

A, B, C, D, E, F, the first rank, 

and L, M, N, O, P, Q, the second, 

such that A : B :: L : M, B : C :: M : N, 

C : D :: N : O, D : E :: O : P, E : F :: P : Q ; 

we infer by the term '* ex sequali " that 

A : F :: L : Q. 



DEFINITION XX. 

"Ex eequali in proportione perturbatll seu inordinate/' from 
equality in perturbate, or disorderly proportion. This term is used 
when the first magnitude is to the second of the first rank as the 
last but one is to the last of the second rank ; and as the second 
is to the third of the first rank, so is the last but two to the last 
but one of the second rank ; and as the third is to the fourth of 
the first rank, so is the third from the last to the last but two of 
the second rank ; and so on in a cross order : and the inference is 
in the 18th definition. It is demonstrated in 23 Prop., Book v. 

Thus, if there be two ranks of magnitudes, 

A, B, C, D, E, F, the first rank, 

and L, M, N, O, P, Q, the second, 

such that A : B :: P : Q, B : C :: O : P, 

C : D :: N : O, D : E :: M : N, E : F :: L : M; 

the term " ex sequali in proportione perturbate seu inordinate " 

infers that 

A : F :: L : Q. 
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PROP. XX. THEO. 



If there be three magnitudes, and other three, which, taken two 
and two, have the same ratio ; then, if the first be greater than 
the third; the fourth shall be ^j^eater than the sixth ; and if equal, 
equal ; and if less, less. 

.^.^___ ^^^^^ ^^^^^ 

Let Cy, (^, I I , be the first three magnitudes, 
and ^/, /j, (]j> ^® ^^® other three, 

such that ^ : O :: ^ : O' ^^^ D • □ •• {y • O- 

Then, if (^ cr, =, or -=j D then will <^ cr, =, or -3 Q. 
From the hypothesis, by altemando, we have 

Q = 0-0 = 0, 

••• if 1^ C-, =» or -3 O then will ^ ="' =' ^^ "= O 

(14 B. V.) 

/. If there be three magnitudes, &c. 
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PROP. XXI. THEO. 



If there be three magnitudes, and other three which have the 
same ratio, taken two and two, but in a cross order ; then if the 
first magnitude be greater than ths third, the fourth shall be 
greater than the sixth ; and if equal, equal ; and if less, less. 

Let n, {^, [_j, be the first three magnitudes, 
and ^, ^, (^, the other three, 

such that 1^ : O :: O • O' ^^ D • n •• '' O. 
Then, if ^ cr, =, ot -z}\Zj> ^^^n will <^ cr, =, or -^ Q- 

First, let (^ be cr- I | : 
then, because (3) is any other magnitude, 

U^D^n^O (8B.V.); 

but O'-O •• 'v'^O (^ypOi 

••• O^O^n^O (IBB. v.); 
and because O " (HI ' ' ' O (^yP-)* 

and it was shown that (^ : (^ cr |_] • [^, 



I I 
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••• O : O c- O : <0 (Cor. 13, B. v.), 

that is (y c C)' 

Secondly, let O — []]] ; then shall ^ — Q. 
For because \~y = [ | , 

but ^ : O = O : O (I'yP-). 

and Q : (3) = O = ^^^P' *"*^ '"^■^' 

.-.0)0 = 6 = (IIB')' 

.-. <0 = O (9 B. V.) 

Next, let (^ be -3 Q], then shall be -3 Q ' 

and it has been shown that | j : !^ zi: ^^ : \/, 

and = ^ = = 6: 
.-. by the first case (^ is cr \y» 

that is, <^ -D O- 
If there be three, &c. 
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PROP. XXII. THEO. 



If there be any number of magnitudes, and as many others, 
which, taken two and two in order, have the same ratio ; the first 
shall have to the last of the first magnitudes the same ratio which 
the first of the others has to the last of the same. 

N.B. — This is usually cited by the words *'ex sequali/'or " ex 
aequo." 






First, let there be magnitudes \~1, (^, [ \ , 

and as many others ^y, (^, 

such that 

and0^n::C^O' 

then shall \} ' \Z] *' ' O' 

Let these magnitudes, as well as any equimultiples whatever of 
the antecedents and consequents of the ratios, stand as follows : — 

^' O' D- 0' 6. O 



and 



MV". ""O' nQ mO, mC), nQ. 

because ^ ■ (j '■'•(}• C>'' 
.-. M (^ : m (3) : : M : M (^ (4 B. v.). 
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For the same reason 

«0:NQ :: m():NQ; 

and because there are three magnitudes, 

mI^, mQ, nQ 

and other three, M ^, m (J), N Q> 

which, taken two and two, have the same ratio ; 

.-. if M l^ cr-, =, or -^ N []], 

then will M <Q> c:-, iir, or -:3 N O' ^y {20 B. v ), 

and .^ v' • n •• <^ • O (^®^- ^)- 



Next, let there be four magnitudes, Uy, (^, rH, ^y, 

and other four, (i), Q), FTI, /^, 

which, taken two and two, have the same ratio, that is to sav, 

= EJ :: : rTi. 
and : <3> :: rrn : /^. 

then shall ^ - '•' & i /y-, 

for, because \0f v^> jjj, are three magnitudes, 

and (j^, Q, rri, other three, 

which, taken two and two, have the same ratio ; 
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i therefore, by the foregoing case, V/ • lLj •' \l) ' '">"'' 

i 

I but Q] : ^ : : rri : /<\ ; 

I. 

i therefore again, by the first case, Ky ' \y • • O * ^ > 

and so on, whatever the number of magnitudes be. 

.'. If there be any number, &c. 



Arithmetical Illustration, 

Let there be two ranks of numbers^ 

3, 4, 2, 1, 5, the first rank, 
and 9, 12, 6, 3, 15, the second; 
such that 3:4.: 9 : 12 
4 : 2 :: 12 : 6 
2:1:: 6 : 3 
1:5:: 3 : 15 
then shall 3:5:: 9 : 15. 

Algebraical Exposition. 

Let a, bf e, d, e, /, p, represent the first rank, 
and a\ b% c', rf', e', /', ff\ the second, 
such that a : b :i a' : b' 
b : c :: b' : e' 
C : d :: cf : d' 
d : e :: d' : e^ 
&C., &C., 

then shall a : g t: a' : ff'. 
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a 


=z 


Of 
b' 


b 
c 


:= 


b' 


c 
d 


= 


& 

d' 


d 
e 


= 


d' 

e' 


e 
f 


= 


e' 
f 


I 
9 


^ 





o b^ c d e / 
b c d e f g 



a; 

b 



^ c' ^ d! ^ e' ^ f ^ 



f 



9 



ff 



or 



ab e def 
bed efg 



a' b' & d' e'f 
b'&d'Cfg' ' 



a' 
or - = — 



a 
9 



/. a '. g :i a' : g\ 
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PROP. XXIII. THEO. 



If there be any number of magnitudes, and as many others, 
which, taken two and two in a cross order, have the same ratio ; 
the first shall have to the last of the first magnitudes the same 
ratio which the first of the others has to the last of the same. 

N.B. — This is usually cited by the words*' ex aequali in pro- 
portione perturbata ;" or "ex aequo perturbato." 



First, let there be three magnitudes, UJ, \^', [jj , 

and other three, \y, (^, (T), 

which, taken two and two in a cross order, have the same ratio ; 



that is, ^ : []) 

and Q : Q] 
then shall (^ : \J] 



6:0. 
<J> = 



Let these magnitudes and their respective equimultiples be 
arranged as follows : — 

^' 0. Q. 0' 6. 0. 



0. 



m!^, M[3}, m[f], M<^, m(^. m 
then I^ : : : M (T;) : M (15 B. v.) ; 
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and for the same reason 
(f) : © : : m <^ : m ; 

but ^'^ :: (>):(J) (hyp.), 



and because [^ 

.-. M (T^ : m [3] : 



: m(^) : m0 (11 B. v.) ; 

E-- <!>•<!> (hyp.), 

M0 : m(7^ (4 B. V.) ; 

then, because there are three magnitudes, M ul, M (Tj, m FsJ* 

and other three, M ^y, m ^^, m (3), 
which, taken two and two in a cross order, have the same ratio ; 

therefore, if M Ul c, zr, or -3 m [Tj, 

then will M cr-, =, or cr m (J) (21 B. v.), 

and .-. !^ : jT] :: <J> : Q (5 def. v.). 



Next, let there be four magnitudes, 

^, (T), Q, ^. 

and other four, (?), (7), PTl, /J\, 

which, when taken ttvo and two in a cross order, have the same 

ratio ; namely, 

(J^ : (T) :: r7i : /^, 

and a : <5> :: <!) : 0, 
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then shall \p : ^ : : <2) : /?\- 
For, because Uy, y^, [jj are three magnitudes, 

and Q, rn* /N» other three, 
which, taken two and two in a cross order, have the same ratio, 

therefore, by the first case, 1^ E * t © • /S» 

but []]:<J>:: (^:Q> 

therefore again, by the first case, (^ • ^ I! (2) • /^ • 
and so on, whatever be the number of such magnitudes. 

/. If there be any number, &c. 



Arithmetical Illustration. 

* 

Let there be two ranks of numbers, 

2, 3, 4, 2, 6, 9, the first rank, 

and 8, 12, 36, 18, 24, 36, the second; 

such that 2 : 3 :: 24 : 36 

3 : 4 :: 18 : 24 

4 : 2 :: 36 : 18 
2 : 6 :: 12 : 36 

and 6 : 9 :: 8 : 12 

then will 2 : 9 : : 8 : 36, 

f 2 8 

^°' 9- ^ 36 • 
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Algebraical Exposition, ^ 

Let a, bf e, J, e, /, represent the first rank, 
and a', h\ c\ d', e\ f, the second, 
such that a '. h ','. e' \ f 
b : c :: cf : e 
c : d :-. c' '. d' 
d : e :: b' : & 
and e \ f '.'. a' '. b', 
then shall a : / : : a! . f\ 



For -^ = ^ 
b f 



and .*. 



b 




rf' 


c 




e' 


c 




c' 


- . 


^-— 


m 


d 




d' 


d 




b' 


— 


s 




€ 




& 


e 




cd 


^^ 


ff 


Ml ■■ 


f 




b' 


a b c d e 




e' d' & b' a' 


b c def 




f e' d' c' b' ' 


a 




a! 



• f ~ f 

.: a : / :: a' i f. 
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PROP. XXIV. THEO. 

If the first has to the second the same ratio which the third has 
to the fourth, and the fiflh to the second the same which the sixth 
has to the fourth, the first and fifth together shall have to the 
second the same ratio which the third and sixth together have to 
the fourth. 

First. Second. Third. Fourth. 

07 E 

Fifth. Sixth. 

<b © 

Let ^:0 :: E:<$>. 
and (^ : :: : <<>, 

then l^ + <i> = 0::H + 0=<3>- 

For <1> : : : : <J> (hyp.), 
and : (i|^ :: ^ : [Tj (hyp) and (inv.), 

••• <l) = 1^ " •• H (22 B v.); 

and, because these magnitudes are proportionals, they are propor- 
tionals when taken jointly, 

.•.^ + <^ :<<>:: + 0:0 (18B.V.). 

but (^ : :: : <J> (hyp.), 

••• "^ + <!> : :: + : <3> (22 B. v.). 
.*. If the first, &c. 
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Cor, 1. If the same hypothesis be made as in the proposition, the excess of 
the first and fifth shall be to the second as the excess of the third and sixth to 
the fourth. The demonstration of this is the same with that of the proposi- 
tion, if division be used instead of composition. 

Cor. 2. The proposition holds true of two ranks of magnitudes, whatever 
be their number, of which each of the first rank has to the second magnitude 
the same ratio that the corresponding one of the second rank has to a fourth 
magnitude ; as is manifest. 



Arithmetical Illustration 

Let the number 6 (the first) have to 4 (the second) the same ratio which 
3 (the third) has to 2 (the fourth), and 12 (the fifth) to 4 (the second) the 
same ratio which 6 (the sixth) has to 2 (the fourth). 

First, Second, Third, Fourth, Fifth, Sixth, 

6 4 3 2 12 6 

Then 12 + 6 : 4 :: 6 + 3 : 2, 
or 18 : 4 :: 9 : 2. 



Algebraical Exposition* 

Let a ', b \x c : df 
and e : b : : / : d\ 
then a + c : A : : c + / : rf. 



For 


a c 
b " 7 


and 


e f 
'b U 


a + c 


"^ ^ -^ , by addi 


b 


and .'. a + 


e I b :: c + / : d 
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PROP. XXV. THEO. 



If four magnitudes of the same kind are proportionals^ the 
greatest and least of them together are greater than the other two 
together. 

Let four magnitudes, \~) + (^, {_[ + \y, {^, and ^/j 
of the same kind, be proportionals, that is to say, 

^+o = n+o--o = 0' 

and let {^ + Pj be the greatest of the four, and, consequently, 
by proposition A and the 14th of this book, ^ is the least ; 

then will (^ + D+0^'''=-n + 0'*"O; 
because (^ + Q = D + •' O = 0' 

but 1^ + O ^ □ + (hyp.), 

.-. Qc^O (A. B. V.) ; 
to each of these add (^ + ^, 

.'. If four magnitudes, &c. 
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Arithmetical Illustration. 

Let 2 : 3 :: 16 : 24, 

or 24 : 16 :: 3 : 2; 

here it is evident that 24 + 2c~16 + 3; 

the same is true of any other numbers that are proportionals. 



Algebraical Exposition. 

Let a + m i b + n :: m : rif 

and let a + m be the greatest, 

then n will be the least, and a + m + n CT" b + n + n. 

Because a + m : b + n i: m : n, 

.'. a : b :: a + m : b + n ; 

but a + m cr b + n, 

.'. a c- bt 

,'. a + n + m c" b + n + m. 

Note. — In thft algebraic expositions, when a : b i: c : dy we immediately 

o c o c 

infer that -r = — • and when -r = — , we infer that a : b :: c i d. 
b d ^ b d 

These conclusions are drawn from considering, that when four magnitudes 
are proportionals, the first is the same multiple, parts, or part, of the second 
that the third is of the fourth ; and that the fraction, which expresses the mul- 
tiple, parts, or part, the first is of the second, or that the third is of the fourth, 
is a determinate fraction. 

This fraction will be determinate when the two magnitudes which stand for 
antecedent and consequent have any common measure : for let m be a com- 
mon measure of any two magnitudes, A and B. 
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Let m be contained in A^ p times, .'. A «= m pt 
and m be contained in B, q times, .*. B » m q\ 



and / 


• 


A 
B 


- 


mp 
m q 


~ 9* 


and as 


P 


and 


9 


are whole numbers, 



the fraction •— , or its equal, -g > is determinate. 

But it often happens that such magnitudes as A and B are incommen- 
surable, or have no common measure, yet a fraction may be found which wiU 
express, to any degree of exactness, the multiple, parts, or part, that A is of B. 

We will immediately establish this truth, and then no error can arise from 

Q C 

saying, T « j > when a : b :: c : d, whether the magnitudes represented 

by a and b, or by c and d, are incommensurable or not. This may be shown 
as follows : — 

Let m be contained in A more than p times, and less than p + I times ; 
therefore A is greater than p m, and less than (p + 1) m ; and let m be con- 
tained in B, q times exactly, .*. B = ^ m. 



or 



• 


A 
B 


^ 


P ^ J 
— — , and -3 
q m "^ 


(j» + 1) m 
q m * 




A 
B 


cr- 


9 


J P + ^ 

and —3 ^ , 

• 9 


- f » 


1 
9' 



therefore the fraction — approaches nearer and nearer to -~ the greater 
q is taken, because the greater q b, the less — will be ; and as B — ^ m, 

the greater q is taken the less m must be ; therefore, by diminishing m, the 

A » 

difference between -^ and — may be made less than any that can be 

Q 

assigned. The same may be said of the fraction -^ , when C and D are 
incommensurable. 

Therefore all the expositions of propositions respecting proportionals, 

A C 

founded on the principles, that —_._., when A : B :: C : D, or con- 
is JJ 

A C 

versely, that A : B :: C ; D when -g. _ -_ , are correct, whether 

IS JJ 

A and B and C and D be incommensurable or not. 
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DEFINITION X. 

When three magnitudes are proportionals, the first is said to 
have to the third the duplicate ratio of that which it has to the 
second. 

For example^ if A, B, C, be continued proportionals, that is, 
A : B : : B : C, A is said to have to C the duplicate ratio of 
A : B ; 

or ^ zz the square of ^ . 

This property will be more readily seen of the quantities a r^, a r, a, 

for ar^f '. ar : ar I a ; 

and = r* = the square of « r, 

a ^ ar 

or of a, ar, ar^ ; 
for — r = -5- = the square of — = — . 



DEFINITION XI. 

When four magnitudes are continual proportionals, the first is 
said to have to the fourth the triplicate ratio of that which it has 
to the second ; and so on, quadruplicate, &c., increasing the deno- 
mination still by unity, in any number of proportionals. 

For example, let A, B, C, D, be four continued proportionals, 
that is, A : B : : B : C : : C : D ; A is said to have to D, the 
triplicate ratio of A to B ; 

or ^ =z the cube of «■ , 
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This definition will be better understood, and applied to a greater number 
of magnitudes than four that are continued proportionals, as follows : — 

Let ar^f ar^, art a, be four magnitudes in continued proportion, that is, 

ar^ : ar^ :: ar^ : ar :: ar : at 

a r® a r' 

then = r^ = the cube of r- = r. 

r ar^ 

Or, let ar^t ar*t or®, ar^t or, at be six magnitudes in proportion, 

that is ar^ I ar^ i\ ar^ i ar^ :: ar® i ar^ :: ar* \ ar ix ar \ at 

a r^ a r* 

then the ratio = r-' = the fifth power of — r = r. 

a '^ ar^ 

Or, let a, art a r^i « r^y o> »**, be five magnitudes in continued proportion ; 

then — - = — — = the fourth power of — = — . 
ar*^ r* *^ ar r 



DEFINITION A. 

To know a compound ratio : — 

When there are any number of magnitudes of the same kind, 
the first is said to have to the last of them the ratio compounded 
of the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which the 
third has to the fourth ; and so on, unto the last magnitude. 

For example, if A, B, C, D, 
be four magnitudes of the same 
kind, the first A is said to have to 
the last D the ratio compounded 
of the ratio of A to B, and of the 
ratio of B to C, and of the ratio of C to D ; or, the ratio of A to 
D is said to be compounded of the ratios of A to B, B to C, and 
Cto D. 



A B 


C 


D 


E F G 


H 


K L 


M 


N 
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And if A has to B the same ratio which E has to F, and 
B to C the same ratio that G has to H, and C to D the same 
that K has to L ; then, by this definition, A is said to have to D 
the ratio compounded of ratios which are the same with the 
ratios of E to F, G to H, and K to L. And the same thing is to 
be understood when it is more briefly expressed by saying, A has 
to D the ratio compounded of the ratios of E to F, G to H, 
and K to L. 

In like manner, the same things being supposed ; if M has to N 
the same ratio which A has to D, then, for shortness sake, M is 
said to have to N the ratio compounded of the ratios of E to F, 
G to H, and K to L. 

This definitioii may be better understood from an arithmetical or algebraical 
illustration ; for^ in fact, a ratio compounded of several other ratios, is nothing 
more than a ratio which has for its antecedent the continued product of all 
the antecedents of the ratios compounded, and for its consequent the conti- 
nued product of all the consequents of the ratios compounded. 

Thus, the ratio compounded of the ratios of 2 ; 3, 4 : 7, 6 : 11, 2 : 5, 

is the ratio of 2x4x6x2 : 3x7x11x5, 

or the ratio of 96 : 1155, or 23 : 385. 

And of the magnitudes A, B, C, D, £, F, of the same kind, A : F is the 
ratio compounded of the ratios of A ; B, B : C, C : D, D : E, E : F; 

forAxBxCxDxE : BxCxDxExF, 

AxBxCxDxE A ., ^ ^ . « 

"' BxCxDxE.F = F . or the ratio of A : F. 
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PROP. F. THEO. 



Ratios which are compounded of the same ratios are the same 
to one another. 



Let A : B :: F : G, 




B : C :: G : H, 


A B. C D E 


C : D :: H : K, 


F G H K L 


and D : E :: K : L. 





Then the ratio which is compounded of the ratios of A : B, 
B : C, C : D, D : E, or the ratio of A : E, is the same as the 
Fatio compounded of the ratios of F : G, G : H, H : K, K : L, 
or the ratio of F : L. 



For 


A F 
B — G ' 




B G 
C — H ' 




C H 
D — K ' 


and 


D K 
E — L ' 


< B X C X 

< C X D X 


D FxGxHxK 
E — ■ GxHxKxL' 


and .'. 


A F 
E — L ' 



or the ratio of A : E is the same as the ratio of F : L. 

The same may be demonstrated of any number of ratios so 
circumstanced. 



Next, let A : 


B :: K : 


L, 


B : 


C :: H : 


K, 


C : 


D :: G : 


H, 


D : 


E :: F : 


G. 
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Then the ratio which is compounded of the ratios of A : B, 
B : C, C : D, D : E, or the ratio of A : E, is the same as the 
ratio compounded of the ratios of K : L, H : K, Gr : H, F : G, 
or the ratio of F : L. 



For J 


— 


K 
L ' 


B 
C 


— 


H 

K ' 


C 
D 


— 


G 


and g 


— 


F 
G ' 


A X B X C X D 




K X H X G X F 


B X C X D X E 


•■^~" 


L X K X H X G ' 


and .*. 


A 
E - 


F 
- L ' 



or the ratio of A : E is the same as the ratio of F : L. 
, Ratios which are compounded^ &c. 



PKOP. G. THEO. 

If several ratios be the same to several ratios, each to each, the 
ratio which is compounded of ratios which are the same to the 
first ratios, each to each, shall be the same to the ratio com- 
pounded of ratios which are the same to the other ratios, each 
to each. 



A 


B 


C 


D 


E 


F 


G 


H 


a 


b 


c 


d 


e 


/ 


9 


h 



P Q R S T 
V W X Y Z 
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If A : 


B :: a : b 


and A : B :: P ; Q 


a : b :: Y : 


w 


C : 


: D : : c : d 




C : D :: Q : R 


c : d :: W 


: X 


E 


: F :: e :/ 




E : F :: R : S 


e : f :: X : 


: Y 


& G: 


U :: g:h 




G : H :: S : T 


9 : h :: Y 


: Z 




then 


P : T zz V : Z. 






For Q 


A a V 






Q 

R 


C c W 
— D — d — X» 






R 

S 


E e : 








— F — / — ^ 






s 

T 


G g Y . 
— H — A — Z ' 






, P X Q 

^'^^ ••• Q X R 


xRxS VxWxXxY 
xSxT — WxXxYxZ* 








and 


T — Z ' 







or P : T zz: V : Z 



/. If several ratios, &c. 



PROP. H. THEO. 



If a ratio which is compounded of several ratios be the same to 
a ratio which is compounded of several other ratios, and if one 
of the first ratios, or the ratio which is compounded of several of 
them, be the same to one of the last ratios, or to the ratio which 
is compounded of several of them, then the remaining ratio of 
the first, or, if there be more than one, the ratio compounded of 
the remaining ratios, shall be the same to the remaining of the 
last ; or, if there be more than one, to the ratio compounded of 
these remaining ratios. 
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A 


B 


C 


D 


E 


F 


G 


H 




P 


Q 


R 


S 


T 


X 





Let A : B, B : C, C : D, D : E, E : F, F : G, G : H, 
be the first ratios, and P : Q, Q : R, R : S, S : T, T : X, 
the other ratios ; also, let A : H, which is compounded of the 
first ratios, be the same as the ratio of P : X, which is the ratio 
compounded of the other ratios ; and, let the ratio of A : E, 
which is compounded of the ratios of A : B, B : C, C : D, 
D : E, be the same as the ratio of P : R, which is compounded 
of the ratios P : Q, Q : R. 

Then the ratio which is compounded of the remaining first ra- 
tios, that is, the ratio compounded of the ratios E : F, F : G, 
G : H, that is, the ratio of E : H, shall be the same as the ratio 
of R : X, which is compounded of the ratios of R : S, S : T, 
T : X, the remaining other ratios. 



Because 



AxBxCxDxExFxG 



PxQxRxSxT 



or 



**^^^ B X C X 


DxExFxGxH — QxR 


X S X T x X' 


A X B X C X D 
B X C X D X E 


ExFxG__PxQ 
^ FxGxH — QxR^ 


R X S X T 
S X T X H ' 


and 


AxBxCxD PxQ 
BxCxDxE — QxR' 




% 


ExFxG RxSxT 




• m 


FxGxH — SxTxX* 

E R 
•• H — X » 





.-. E : H = R : X. 



« • 



If there be, &c. 
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PROP. K. THEO. 



If there be any number of ratios, and any number of other 
ratios, such that the ratio which is compounded of ratios, which 
are the same to the first ratios, each to each, is the same to the 
ratio which is compounded of ratios, which are the same, each to 
each, to the last ratios — and if one of the first ratios, or the ratio 
which is compounded of ratios, which are the same to several of 
the first ratios, each to each, be the same to one of the last ratios, 
or to the ratio which is compounded of ratios, which are the same, 
each to each, to several of the last ratios — then the remaining 
ratio of the first ; or, if there be more than one, the ratio which is 
compounded of ratios, which are the same, each to each, to the re- 
maining ratios of the first, shall be the same to the remaining ratio 
of the last ; or, if there be more than one, to the ratio which is 
compounded of ratios, which are the same, each to each, to these 
remaining ratios. 



h k m n s 




A B, C D, E F, G H, K L, M N, 


a b c d e f g 


P, Q R, S T, V W, X Y, 


h k I m n p 


abed e f g 





Let A : B, C : D, E : F, G : H. K : L, M : N, be the first ratios, 
and O : P, Q : R, S : T, V : W, X : Y, the other ratios ; 
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and let A : B z=z a : b, 



c, 



C : D = b 

E : ¥ — c : d, 

G : H zz rf : e, 

K : L zz e : /, 

M : N = / : g. 

Then, by the definition of a compound ratio, the ratio of a : g 
is compounded of the ratios of a : b, b : c, c : d, d : e, e : /y / : g, 
which are the same as the ratio of A : B, C : D, E : F, G : H, 
K : L, M : N, each to each. 






: F z=: h : k, 


Q 


: R = k : I, 


s 


: T = I : m. 


V 


: W m : n, 


X 


: Y n : p. 



Then will the ratio o{ h : p he the ratio compounded of the 
ratios o( h : k, k : I, I : m, m : n, n : p, which are the same as 
the ratios of O : P, Q : R, S : T, V : W, X : Y, each to each. 

.•. by the hypothesis a : g zz h : p. 

Also, let the ratio which is compounded of the ratios of A : B, 
C : D, two of the first ratios (or the ratios of a : c, for A : B :z: 
a : b, and C : D m 6 : c), be the same as the ratio of a : d, 
which is compounded of the ratios of a : b, b : c, c : d, which 
are the same as the ratios of O : P, Q : R, S : T, three of the 
other ratios. 

And let the ratios of h : s, which is compounded of the ratios 
of h : k, k : m, m : n, n : s, which are the same as the remaining 
first ratios, namely, E : F, G : H, K : L, M : N ; also, let the 
ratio of e : g, be that which is compounded of the ratios e : f, 
f : g, which are the same, each to each, to the remaining other 
ratios, namely, V : W, X : Y. Then the ratio of h : s shall 
be the same as the ratio of e : g ; or h : s zz e : g. 



but 



For 



and 
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AxCxExGxKxM axbxexdxex^ 

BxDxFxHxLxN — bxcxdxexfxg* 

OxQxSxVxX hxkxlxmxn 



PxRxTxWxY — *x/xiwxfixj»» 

by the composition of the ratios ; 



axbxcxdxexf hxkxlxmxn /, n 

bxcxdxexfxg )frx/xmxfixj» ^ Jr*)* 



a X b c X d X e X f h x k x i ^^ m x n 

or X -^ 7 — — zz: T — i X , 

X c d X e X f X g i x l x m n x p ' 

a X b A X C O X Q X S a x b x c h xkx I 

b X c — BxD — P X R x T — b x c x d — kxixm 

c X d X e X f m X n 

d X e X f X g n x p * 

.J c X d X e X f hxkxmxn /, v 

^""^ dxex/xg = kxm,<n X , (''yP'). 

■t m X n exf,, . 
and zz -^ (nyp.). 

hxkxmxn ef 

k X m X n X s f g * 

•• s - g' 

.'. h : s zz e : g. 



9 



••. If there be any number, &c. 
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PROP. L. THEO. 



If A : B :: C : D, then A"* : B" :: C" : D", 

and Vk : V^ :: v^C : V^IJ, and A^" : B» :: C~ : D^ 

Because A : B :: C : D, 

A — ^ . 
B "- D ' 

A2 C^ 

.-. -g^ = — , or A« : B* :: C^ : D^ 

and 57 = ^ » or A' : B^ :: G^ : 1)3, 



and .-. A"» : B«» :: C»» : D»». 
Again, because ^ = §. 

j^ ^ 4^, or Va : Vff :: Vc : ^D. 
Vb Vd 

and /. \ = \^ '''' A** • B» :: C« : D«. 
B~ D» 



M 
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SYNOPSIS 



OF THE 



DOCTRINE OF PROPORTION, 



Algebraically and Arithmetically expressed. 



Let A : B :: C ! D. 



Let 2 : 3 :: 6 : 9. 



1. 



2. 



3. 



4. 



A_ 
B 



C 



A X D « B X C. 



B : A :: D : C. 



A ; C :: B : D. 



5. A + B : B :: C + D : D. 



6. A + B : A :: C + D : C. 



1. 



3. 



4. 



2^ 
3 



6 
9* 



2. 2 X 9 = 3 X 6 » 18. 



3 : 2 :: 9 : 6. 



2 : 6 :: 3 : 9. 



5. 2 + 3 : 3 :: 6 + 9 : 9. 



6. 2 + 3 : 2 :: 6 + 9 : 6. 



7. A '^ B : A :: C '^ D : C. 7. 2 '^ 3 : 2 :: 6 '^ 9 : 6, 

or 1 : 2 :: 3 : 6. 

8. A '^ B : B :: C '^ D : D. 8. 2 '^ 3 : 3 :: 6 ^ 9 : 9, 

or 1 : 3 :: 3 : 9. 

9. A + B: A'^B :: C + D:C'^D. 9. 3 + 2:2^^3:: 6 + 9:6'^ 9, 

or 5 : 1 :: 15 : 3. 
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10. tiA : mB :: nC : mD, 



11. «A : B :: wC : D. 



12. A : wB :: C ; n D. 



13. A2 : B« :: C* : D*. 



10. 4x2 : 5x3 :: 4x6 : 5x9, 

or 8 : 15 :: 24 : 45 ; 
n = 4, f» = 5. 

11. 3 X 2 : 3 :: 3 X 6 : 9, 

or 6 : 3 :: 18 : 9 ; 
here » = 3. 

12. 2 : 5 X 3 :: 6 : 5 X 9, 

or 2 : 15 :: 6 : 45 ; 
n = 5. 

13. 22 ; 3* :: 6« : 9^, 
or 4 : 9 :: 36 : 81. 



14. 



Aa : B» :: C^ : D^. 



14. 2« : 33 :: 6* : 9^ 

or 8 : 27 :: 216 : 729. 



15. 



A" : B" :: C" : D°. 



15. 2» : 3» :: 6« : 9«, ' 

or 32 : 243 :: 7776 : 59049 ; 
here n ^ 5. 



16. If A : B :: C : D, 16. 

and if D be the greatest of the four, A 
must be the least, and A + D c~ B + C. 



If 2 : 3 :: 6 : 9, 
then 2 + 9 cz- 6 + 3. 



17. 



nA »B nC »D 

. . ♦ ^^^^^ . • 

m q m g 



17. 



4x2 . 7x3 .. 4x6 . 7x9 



or 



8 . 21 .. 24 . 63 



5 • 8 •• "5" • X' 
» ~ 4, »i = 5, j» = 7, and y = 8. 



18. U a:b = c:d = e:f=-g:h, 18. 2:3 = 6:9=12:18 = 8:12, 
a:(t = a + c ^ e +g:b + d+f + h. 2:3 = 2 + 6 + 12 + 8 :3 + 9 + 18 + 12; 

2 : 3 = 28 : 42. 
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19. 



If a : d :: e : df 

e : fiiff : A, 
k : i ;i m: n, 
:p :: q : r \ 



19. 



2 : 1 :: 30 : 15, 

8 : 3 :: 16 : 6, 

3:2:: 6 : 4, 

5 : 3 :: 10 : 6; 



then aeko : b/lp :: egmq : dhnr, then 2x8x3x5 : 1x3x2x3 



or 



aeko 
WTp 



cgmg 
d hnr 



30 X 16 X 6 X 10 : 15 x 6 x 4 x 6, 
or 240 : 18 :: 28800 : 2160. 



20. 



21. 



If ^ 
B 



C 

D' 



A : B c- C : D ; 
or C : D -3 A : B. 



a, A, c, d, e, /, 

a', b\ c\ £f , e\ f. 

If « : 4 = a' : *', 4 : c = *' : c', 

exd^c' \d!yd\e^d' \ef,e :/= tf \f\ 

then aif ^ of if. 



20. 



21. 





3 2 


3 


: 4 cr 2 : 3, 


or 


2 : 3 ^3 3 : 4. 




4, 2, 3, 12, 




8, 4, 6, 24, 


2 = 


8:4, 2 : 3 » 4 


3 


: 12 = 6 : 24, 


4 


: 12 = 8 : 24. 



6, 



21. a, bf c, <f, 

a', b\ e\ d'. 

l{ a : b =: c' : d', b : c = b' : &, 

c I d •= a' ', b't 

then aid = a' : d'. 



21. 



3, 6, 2, 7, 
f , 3, 1, 2, 



3 : 6 =» 1 : 2, 6:2=3:1, 

A 6 

2 : 7 = -y : 3, then 3 : 7 = y : 2. 



22. If A" : B° :: C° : Dn, 

we can immediately infer that A+B : A'^B :: C + D : C'^D; 

.. nk »B nC jpD 

or. if : ^ — :: — : - — , 

m q m g 

we may infer A* : B* :: C« : D* ; 
or any other property respecting four proportionals. 
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SUPPLEMENT I. 



ON COMMENSURABLE AND INCOMMENSURABLE 

MAGNITUDES. 

Magnitudes which are multiples of any other magnitude are said to be com- 
mensurable, and this other magnitude is called a common measure. 

Magnitudes which have no common measure, that is, magnitudes which are 
not multiples of any other magnitude, are said to be incommensurable. 

Numbers have always a common measure, for they can always be measured 
by a unit. When they can only be measured by a unit, they are called 
prime numbers : numbers are said to be prime to each other when no number 
except a unit will measure them. Thus, 43, 47, 53, 61, are prime numbers ; 
and 5, 8, 51, 77, are prime to each other, for no number except a unit is 
contained an exact number of times in all: yet 8 can be measured by 1, 2, 
and 4 ; 51 by 1, 17, and 3 ; and 77 by 1, 7, and 11. 



PROP. I. THEO. 

If a magnitude measure each of two others, it will also measure their sum 
and difference. 

Let A measure B and C separately, it will also measure B + C and B — C, 
allowing B to be the greater of B and C ; unless one of the magnitudes B or C 
be greater than the other, the difference cannot be measured by A, as it is 0. 

Let A be contained in B, m times exactly, .'. B = m A ; 
and A to be contained in C, n times exactly, .*. C = n A ; 
it is evident that n must be less than m, for B is greater than C. 
.*. B + C = »wA + nA = (m + n)A; 
and B — C = »iA — «A = (w — «)A. 

Therefore A is contained iu B + C, m + n times, and in B — C, m — n 
times ; consequently A measures the sum and difference of B and C. 
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It will immediately follow, that if A measures B + C and C, it will also 
measure B, for B is the difference of B + C and C ; or if A measures B + C 
and B, it will measure C for the same reason. And if A measures B — C and 
C, it will also measure B, for B is the sum of C and B — C ; it is evident also* 
if A measures B — C and B, it will measure C, for C is the difference between 
B and B - C. 



PROP, II. PROB. 

Two magnitudes of the same kind being given to find their greatest common 
measure, if it be possible. 

Let A and B be the two magnitudes, and A less than B ; it is required to 
find the greatest magnitude that will measure them both. 

Let p be the greatest number of A ^ B f 

times that A is contained in B ; take ^ 

p A from B, and let the remunder be 

C, which must be less than A. Let q C ) A ( 9 

be the greatest number of times that C ^ C 

is contained in A ; from A take q C, 

and let the remainder be D. This ope- D ) C ( r 

ration is to be continued, always divid- ^ ^ 

ing the preceding divisor by the last F n n ^ 

remainder, till nothing remains; the _, 

remainder, which divides the preceding 

one exactly, is the greatest conmion &c. 

measure. 

It must be observed, that A, B, C, D, £, &c., represent magnitudes of the 
same kind, and^, g, r, «, &c., whole numbers. 

First, we shall prove that any magnitude which measures A and B, will also 
measure the remainders C, D, £, &c. Let M measure both A and B, it will 
measure any multiple of A ; .*. it will measure p A; and, as it measures B, it 
will also measure B — ^7 A or C (prop, i.) ; and, as it measures C, it will also 
measure q C ; and M measures A, .*. it will measure A — 9 C or D ; as it mea- 
sures D, it will measure r D ; and it has been shown to measure C, .'. it will 
measure C — r D or E. Therefore any magnitude, M, which measures A and 
B, will measure all the remainder, C, D, £, &c., unto the last. 

Now we have shown that every common measure of A and B, will measure 
the last remainder ; and it is evident the greatest magnitude that will measure 
the last remfdnder i^ itself; therefore we have only to prove that the last re- 
mainder measures A and B, to show that the last remainder is the greatest 
common measure of A and B. This may be shown as follows : — 
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Let E be the last remainder, or that E is contained in D an exact number 
of times ; /. E will measure D, and it will also measure itself and r D ; .'. E 
will measure r D f £ or C ; and, as £ will measure C, it will also measure 
q C ; and it has been shown to measure D, .*. E will measure ^ C + D or A. 
Again, because E measures A, it will measure p A ; and it has been shown 
that £ measures C, /. £ measures ^ A + C or B ; .% the last remainder mea- 
sures A and B. If there be no such thing as a last remainder, that is, when 
the above process does not terminate, the magnitudes have no common mea- 
sure, or they are incommensurable. 

PROP. Ill THEO. 

If two numbers be prime to each other, they are the least two numbers in 
that proportion. 

B 

Let -7- be a fraction where A is prime to B, and if it be possible let this 

A. 

B' 
fraction be equal to another, -y, , reduced to its lowest terms, by dividing by 

the greatest common measure ; and if it be possible let B be greater than B', 

B B' A A' 

and A greater than A , at the same tune, -r- « "A' * ^^ B" " "B' * 

Divide B by A, and B' by A', as in the last problem. 

A ) B ( m M)W{m 

m A w»A' 

C)A(n 
nC 

D)CCr 
rD 

E 

B B' J • 

Because -— — x' » *^® ^'^^ quotients, m, m, are equal ; and smce 

B C B' C C C A A' 

- == m + -f , and -j^, = m + -^, , /. -^ - A^ '''' C " C ' 

and because A is greater than A', C must be greater than C. Again, because 

A A' A _ . D , 

^ = g> , the next quotients, n, n, are equal ; and as -jp - n + ^ , ana 

^ = n + — , .-. -S- = ^ ; and because C is greater than C, D must 

c c c c 

be greater tiian D'. In the same manner it may be ahown that E is greater 



c 


)A'(« 




nC 




D' ) C ( 




.*^' 


v^ 


•" E' 
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than E', &c. ; .*. a remainder in the first division must always be greater than 
the one similarly circumstanced in the latter ; .*. one of the remainders in the 
latter division will become unity sooner than in the former. Let E' ~ 1 ; 

then E must be greater than 1 ; and since p- = -—, ^ .'. = D' ; 

.*. E, which is greater than 1, measures D, .*. £ must measure both A and B, 
according to the last proposition. But this is contrary to the hypothesis, for 
A and B were supposed prime to each other ; consequently we may infer that 
when A is prime to B they are the least in the proportion, and when there are 
other numbers in the same proportion they must be multiples of these. 



PROP. IV. THEO. 

If two numbers be each prime to another number, their product will be 
prime to that number. 

Let A and B be each prime to C ; 

then A X B will be prime to C : 

for, if not, let A x B = m x P, and C = m x Q. 

Since A and B are both prime to C, they are also prime to m x Q, 

and .'. to m. 

A P 

Now, A X B = m X P ; divide each by m B, and we have, — ~ "5" » 

m o 

but as it has been shown that A is prime to m, therefore, by the last proposi- 
tion, P must be a multiple of A, and B a multiple of m. But it has also been 
shown that B is prime to m, which is absurd. Therefore, if two numbers be 
prime to another number, their product will be prime to that number. 



PROP. V. THEO. 

If two numbers be prime to each other, one of them is prime to the square, 
cube, &c., of the other ; and any power of one of them will be prime to any 
power of the other. 

Let A be prime to B ; 
then A^ is prime to B, 
A« to B, 
&c., &c. 

For A and A are prime to B, therefore, by the last proposition, A^ is 
prime to B ; and as A and A^ are each prime to B, A> must be prime to B 
(prop, iv.), and so on, it may be shown that A" is prime to B. 
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Again, because B and B are each prime to A° , B^ is prime to A° ; and as 
B and B« are each prime to A° , .-. B^ is prime to A» ; and in the same man- 
ner it may be shown that B" is prime to A" . 

It can also be readily shown that if 

A be prime to B, D, F, &c. 
C „ to D, F, B, &c. 
E ff to F, B, D, &c. 
&c., &c. 

that A X C X £, &c., will be prime to B x D x F, &c. 



PROP. VI. THEO. 

If one magnitude contain another any number of times, and leave a remain- 
der, such that the greater of the two magnitudes is to the smaller as the 
smaller is to the remainder, then the two magnitudes will be incommen- 
surable. 

Let A, the greater of two magnitudes, contain the smaller, B, any number 
of times, leaving the magnitude C less than B, such that A : B :: B : C ; then 
A and B are incommensurable, or have not a common measure. 

Let the successive remainders, in -n \ a 
finding the common measure of A and ^ 
B, be C, D, E, &c. (prop, ii.) 

Because A : B :: B : C, and B does C ) B ( / 

not measure A, .*. C cannot measure B ; f q 

and yet A contains B as often as B 

contains C. Let » B be the greatest D ) C ( « 

multiple of B which is contained in A ; u D 

and let / C be an equimultiple of C, 

which must therefore be the greatest ^' *^* 

multiple of C contained in B, or in other terms * =. /; 

.-. A:*B ::B:^C, 

.-. A: A-»A::B: B-/C, 

.-. A : C :: B : D, 

.-. A : B :: C : D, 

but B: C :: A:B, 

.-. B : C :: C : D. 

Now it is evident that D cannot measure C, because C cannot measure B. 
Pursuing the same course of reasoring as before, we may readily show that 

N 
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C : D : : D : E, and that £ cannot measure D, because D does not measure C . 
Consequently the process for finding the common measure of A and B is in- 
terminable, .*. the magnitudes are incommensurable.* 



PROP. VII. THEO. 

If a line be divided in extreme and mean proportion, the two parts will be 
incommensurable. 

A line, A, is said to be divided in 

extreme and mean proportion, when it J i 1 

is divided into two parts, B and G^ 
such that A : B : : B : C. 

Allowing this to be the case, A and B are incommensurable, by the last 
proposition ; and therefore B and C are also incommensurable. 



PROP. VIII. THEO. 



The diagonal and side of a square are incommensurable. 

Let A B C D be a square ; the dia- 
gonal A C is incommensurable with its 
side A B. 

Produce A C, and from the point C, 
as a centre, with the radius C B^ de- 
scribe the semicircle F B £. 

The angle ABC bemg right, A B 
touches the circle, therefore (36 B. iii.) 
AE X AF==AB2; orAElAB:: 
A B : A F. 

And as A E contains A B twice, and 
leaves a remainder, A F; .*. A E and A B are incommensurable ; hence A C 
and A B are incommensurable, for if these had a common measure, the same 
would also measure their sum, A E, which is incommensurable with A B. 
Therefore the diagonal of a square is incommensurable with its side. 

* This proposition, with some alteration, is taken from Professor Young's 
** Elements of Geometry," Prop, xix, B. v. 
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Because there are no two numbers that cannot be measured by another (at 
least by a unit) ; and as the demonstration of proposition vii. shows that the 
segments of a line, divided in extreme and mean proportion, are incommen- 
surable, or cannot have a common measure ; the lengths of the segments cannot 
be perfectly expressed by numbers. Again, from the demonstration of the 
last proposition (viii), it is evident that the side and diagonal of a square 
cannot be fully expressed by numbers, for they are also incommensurable ; and 
in fact no incommensurable magnitudes can be fully expressed by numbers, 
or if one of them can be so expressed the others cannot. Hence it might 
appear, that some very great error should arise if numbers were employed to 
represent such magnitudes ; or that the application of numbers is limited ; or 
that they are not capable of that refined accuracy of expression to which our 
geometrical notions of things have arrived. The truth is, not one of these 
conjectures is correct ; for we might as well question the accuracy or capabi- 
lity of decimal arithmetic, because the exact decimals of ^^ f , -f, &c., cannot be 
wholly expressed. But it is well known that the decimal values of these or any 
other fractions can be obtained to any degree of accuracy that may be assigned ; 
the same may be said of the application of numbers to incommensurable mag- 
nitudes. 

To give an idea of the sufficiency of numbers to express incommensurable 
magnitudes, let us suppose the length of a right line to be 100 millions of 
miles, and that it is required to express, as near as possible, in numbers, 
the lengths of the segments of a line of such length, divided in extreme and 
mean proportion ; or to determine, as near as possible, the point which sepa- 
rates the segments. In a very short time we can find that the point which 
separates the segments is situated in a dot, much less than a period in this 
print, the distance of which from either of the ends of the line is exactly 
known — aye, numbers^ are able to determine that the point which separates the 
segments is situated in a dot, so small that the greatest microscopic power 
known could not render it visible ; and yet the distance of this dot from either 
end of the line is exactly known. Next, let us take a square, the side of which 
let us suppose to be the length of the line taken above, the length of the dia- 
gonal of this square can be readily expressed in numbers, so that it will not 
differ from the true diagonal the breadth of a single hair. The difference 
between the true diagonal and that which may be expressed by numbers is so 
small that it cannot be named. And numbers are capable of expressing all 
other magnitudes, whether they be incommensurable or not, with the same 
accuracy. Hence numbers cannot be said to be defective either in point of 
accuracy or power of expression. 
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SUPPLEMENT IL 



ON VARYING AND DEPENDING QUANTITIES. 



As the theory of varying quantities is so useful, and so dependant on the doc- 
trine of proportion, at the same time calculated to extend the student's views 
of that doctrine, a supplement, containing demonstrations of some of the most 
useful propositions of the theory of variable quantities, must in a great mea- 
sure contribute to the completion of a work like the present. 

In the theory of variable quantities, although only two terms in each pro- 
portion are expressed, yet the learner would do well, in such cases, to imagine 
the other two, for most of our conclusions are come to by considering the 
properties of proportionals. 



DEFINITIONS. 

I. A quantity. A, is said to vary directly as another, B ; when one of them 
is changed, the other is changed in the same proportion. 

Let A be changed to any other value, a ; at the same time B becomes b. 

Then, if A : a :: B : 6, 

A is said to vary directly as B. 

The expression A a B signifies, that A varies as B, and is read as such. 

■Ea?. — If the altitude of a triangle do not vary, the area varies as the base.' 
Suppose the altitude of a triangle to be 2 a, and the base B, the area will be 
a B ; let B change to any other value, b, then the area will be a b. Then it 
is evident that a B i a b n B : b ; /. the areas vary as their bases. 

II. A is said to vary inversely as B, when A cannot be changed in any 
manner but ^ » or the reciprocal of B, is changed in the same proportion. 
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A varies inversely as B, is thus expressed, A a — . 

This signifies that if A be changed to a, and B to ^, 

then A : a :: -- : — ; or A : a :: ^ : B. 

15 b 

^^. — If the area of a triangle be given, the base varies inversely as the 
perpendicular altitude. Let A and a be the altitudes, and 2 B and 2 h the 
bases ; .*. the areas will be A x B and a x 6, as the area is supposed to be 
the same in both cases ; .-. A x B = a x ^, and consequently A : a :: ^ : B, 
11. 11 



III. One quantity, A, is said to vary as two others, B and C, jointly (thus 
written, A a B x C) ; if the former. A, be changed in any manner, the pro- 
duct of the other two, B and C, is changed in the same proportion. 

That is, let A be changed to any other value, a, and B x C changed to 
& x c, so that A:a::BxC:&xc; then A is said to vary jointly, as 
B and C. 

Ex, — The area of a triangle varies as its base and perpendicular jointly : 
for let A, B, and P, represent the area, base, and perpendicular of a triangle, 
respectively ; and a, d, and py those of another ; then B x P =: 2 A, and 
b X p =: 2a; 

B X P ^ 2 A ^ A 
" b X p 2 a a * 

and .*. A : a :: B X P : 6 X p. 

IV. A is said to vary directly as B, and inversely as C (written thus, 

B \ 1 

A a -p )i when A cannot be changed in any manner, but B x -rr^ or B mul- 
tiplied by the reciprocal of C, is changed in the same proportion. 

That is, let A, B, and C be changed to a, b, and c ; and let A : a :: -^ : -, 
then A is said to vary directly as B, and inversely as C. 

Ex, — ^The base of a triangle varies as the area directly, and as the perpendi- 
cular altitude inversely. 

Let A, B, and P, be the area, base, and perpendicular of a triangle, and let 
them be changed to a, *, and Pt respectively ; then we have, as before, 
B X P =i 2 A, and i x ^ = 2 a ; 
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B X P 2 A A 

' ' d X p 2 a a * 

by multiplying both rides by p , we have 

B X P X ^ A jc /? 

b X p X V a X A* 

B A p 



.-. B + * =» ^, . r 



A a 

B- -^ 



and .'. B : ^ :: ^ : — . 

P p 



PROP. I. THEO. 

If A varies as B, and B as C, then A varies as C. 
In this proposition and the following, a, by c, &Cm represent corresponding 
values of A, B, C, &c. ; supposing A, B, C, &c., to vary. 

Let A : a :: B : 6, and B : & :: C : c; 

.*. A : a :: C : c (11 B. v.); 

.*. if A a B, and B oc C, .-. A a C. 

In the same manner it may be shown, if A a B, and B a -Try then 
Aai. 



PROP. 11. THEO. 

If A a C, and B a C, then A + B a C ; and V'AB <x C. 

By the supposition A:a::C:c::B:d, 

.•. A : a :: B : i (11 B. v.) ; 

.*. A : B :: a : d (cdt.) ; 

.*. A+B:B::a + 6:6 (compo.) ; 

and .', A ±B I a ± b II B I b (alt.). 

Again, because A : a : : C : c, 

and B I b \i C '. Cj 

.-. A B : a d :: C« : c« (L. B. v.), 

and .•. -v/AB : x/ab :: C : c (L. B. v.); 

consequently V a B a C. 
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PROP. III. THEO. 

If A a B, then A oc m B, and A a — ; m being any number whatever. 

m 

Because A : a :: B : bj 

.*. A : a :: m B : m^; 

.*. A cc m B. 

Again, because A : a : : B : 6, 

A B * 

m m 

. B 

.*. A a — . 

m 



PROP. IV. THEO. 

If A vary as B A is always equal some constant multiple or submultiple 

of B. 

Because A : a :: B : 6, 

.'. A : a : : m B : m 6 ; 

and .'. A : mB :: a : mb. 

Now, if m be taken so that A =" m B, then must a — m 6, in all cases ; 
and if any constant values of A and B be known, m may be found : 

For A = m B, .*. m = =- . 

iS 



PROP. V. THEO. 

If A a B, then A° a B° ; n being any number — ^whole or fractional. 

For A : a :: B : 6 O^ypO 
.-. A° I a» :: B° : in (L. B. v.) 
.-. A° a B° . 



PROP. VI. THEO. 

If one quantity vary as another, and each of them be multiplied or divided 
by any number, the products or quotients will vary as each other. 
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Let A vary as B, and let T be any number — constant or variable. 

Then, by the supposition, A : a : : B : 6, 
and T : / :: T : /; 
/. A T : a / :: B T : * /. 
or A T « B T. 

. . A a B * 
Again, Y • 7 •• T * 7' 

A B 

or ^ * T* 

A A 

Cor. If A a B, by dividing both by B, we have --> a 1, that is, :„ 

varying as one, but one is constant, therefore •=- is constant. 

B 



PROP. VII. THEO. 

If A a B X C, then B varies directly as A, and inversely as C ; and C 
varies directly as A, and inversely as B. 

Because A a B x C, by dividing by C, we have — a B, or B varying 

inversely as C, and directly as A. The other part of the proposition may be 
readily prQved, by dividing by B. 



PROP. VIII. THEO. 

If the product of two quantities be invariable, these quantities vary in- 
versely as each other. 

Let B X P be constant, or B x P a I ; 

.-. Ba — and a — . 
p B 



PROP. IX. THEO. 

If four quantities be always proportionals, and one of them be invariable, 
we may find how the others vary. 

Let a '. b '.\ c X df and a invariable; 

then we can find how 6, c, and d vary ; 

For ad =^ bCy .*. ad on be, 

and .\ d a be (prop. iii). 
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PROP. X. THEO. 

If A a B, and C a D, then A C a B D. 

For A : a :: B : bf 

and C : c :: D : d'y 

.'. AC : ac :: BD : b d^ 

and /. AC a BD. 



PROP. XL THEO. 

When the increase or decrease of one quantity depends on the increase or 
decrease of two others, and it appears that either of these latter be invariable, 
the first varies as the other ; when they both vary, the first varies as their 
product. 

Let S a V, when T is constant, 
and S a T, V is constant 

When neither T nor V is constant, S a T V. 

If S be changed to », let T be changed to /, 
so that S : « : : T : /, allowing V to be constant. 

Again, let s be changed to «', and V to 9, 

so that 8 i s' li \ : Vf T being constant ; 

.-. S* : 88 :: TV : tv; 

or S : »' :: TV : iv; 

.-. S a TV. 

This will be readily seen, if S be considered as a variable space, passed 
over by a body moving with a variable uniform velocity in a given time, T; 
and again, if S be considered as a variable space, passed over by a body 
moving with a given uniform velocity, V, in a variable time, T ; then it is 
clear, when the time and velocity both vary, the space varies as the time 
multiplied by the velocity. 
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PROP. XII. THEO. 

If A a P, when Q, R, S, &c., are constant ; and if A a Q, when P, R, S, 
&c, are constant ; and if A a R, when P, Q, R^ S, &c., all become variable ; 
A a P X Q X R X S, &c. 

The truth of this proposition may be readily shown by employing the pro- 
cess used in the demonstration of the last proposition. 




DRURY, Printer. 
17, Bridgcwater Square, Barbican, London. 



ERRATA. 

In Definition XIV, page 16| fir invertando, rtad invertendo ; and for 
inyertion, rtad inversion. 



BY THE SAME AUTHOR. 
In the Press, and shortly will be Published : 

A COURSE OF MATHEMATICS; 

DESIONBD 

FOR CIVIL ENGINEERS, THOSE INTENDED FOR THAT PRO- 
FESSION, AND PRACTICAL MEN. 

This will be the most practical as well as the most extensive Course of 
Mathematics ever published. The examples will be chiefly practical, and 
taken from actual experience : including the calculations on the steam-engine 
and railroads ; with those on embankments, cuttings, strength of matemls, 
pressure of earth, bridges, tunnels, steam navigation, naval architecture, and 
every subject connected with Engineering, in all its various departments. 
Also, the most useful examples in Nayioation, Fortification, Land Sur- 
TSTiNO, Levelling, &c. 

The work will be complete in itself, with no reference to other books. 
All the rules will be so illustrated, and the operations so explained, that those 
of an ordinary capacity can acquire mathematics without the aid of a teadier. 

LONDON : 

J. WILLLIMS, LIBRARY OF ARTS, 106, GREAT RUSSELL STREET, 

BLOOMSBURY. 



No. 1. LONDON. 1841. 



STANDARD WORKS 

ON CIVIL AND MILITAEY ENGINEEEING, 

MECHANICS, &c,, 

RBCOMMENDED AS CALCULATED TO SUIT THE TASTE OF THE EN- 
LIGHTENED CONNOISSEUR— DESERVING THE ADMIRATION OF THE 
EDUCATED PROFESSOR^ AND APPLICABLE TO THE WANTS OF THE 
PRACTICAL MECHANIC, 

ON SALB AT 

^t Eii^rars of ^vtfif 

No. 106, GREAT RUSSELL STREET, BLOOMSBURY, 

NEAR THE BRITISH MUSEUM. 



Jn one large FoUo Volume^ wUh numerauefine Plates^ price to Subscribers £i is. 

CRESY'S TREATISE 
ON BRIDGES, VAULTS, AND ARCHES, 

UNIFORM WITH THB SPLENDID WORK ON 

HARBOURS, BT SIR JOHN RENNIE. 

Mr. WILLIAMS, in announcing the completion of the above valuable Work, 
begs to return his most grateful thanks to more than 500 Subscribers, who have so 
generously patronized this National Publication^ and who, in defiance of the 
unavoidable delays which have occurred, have continued their considerate kindness 
down to the .present moment ; it will now be his most anxious desire to evince his 
gratitude for these favours, by rapidly completing the Volume, in a style wordiy of 
the name of RENNIE, and the other eminent Men, whose works are embodied in 
its pages. All the Subscribers who have the 1st and 2nd parts are earnestly desired 
to claim the 3rd and 4th parts, which will finish the'Volmne. 

The Subscribers are entitled to the 3rd and 4th parts, including Letter-press, 
for £2 2»., making the whole work JS4 4«., as originally advertised to Subscribers, 
but the price, when completed, will be JS5 5«. to Non-Subscribers ; which will even 
then, considering the originality and varied importance of the contents — the beauty 
crif the engravings — and the style of the getting-up— be the cheapest Engineering 
Work yet Published. 

N,B, — TTie Subscribers are solicited to claim the 3rd and ith parts as guickly as 
possible^ so that Mr, Williams may/brward every one on the day qf publication. 

Opinions of the Press, 

" We bail with pleasure the appearance of this work on Bridges, which is got up with great 
care, and with nnmerons plates, beautifully and clearly engraved. The first part, now before us, 
eonUins Twenty Plates, which vrill be found of great value both to the Architect and the Engineer. 

** The first series relates to London Bridge, constructed by Sir John Rennie, a work with 
which we know no other that can stand in comparison, excCT>t, perhaps, Waterloo Bridge. It is a 
numument indeed equally interesting from its grandeur, the boldness of the span of the arch, the 
simplicity of its style, ana the durabuity of the materials ; one which must command admiration in 
ftitnre ages, to as great a degree as it does now. It is interesting, no less from its own merits, 
than as a triumph over the obstacles which it had to overcome. 

« The drawings consist of the plan, elevation, and section, drawn to a small scale ; and of the 
eoflSer-dam, section, and centre of one of the arches : the elevation of the centre arch and section 
and plan ox an abutment drawn to a scale of 18 feet to 1 inch. The appearance of the second part 
faSLj «i*Wi«^»i« the high character promised by the first**— CViw/ Engineer and ArdUtecft Joumai, 
The Reviews {Foreign and BngHsh) have un^omUy praised this Standard Work, 
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Preparing Jbr Publicatiotif 
THE THEORY AND PRACTICE OF 

NATURAL AND ARTIFICIAL HARBOURS 

BY SIR JOHN RENNIE. C.E., F.R.S., F.G.S., &c. 

Describing the nature and effects of Winds, Tides, and Currents ; the foroe 
Waves ; the Geological features and influence of Coasts, as applied to Harbooi 
the origin and progress of Bars, whether of sand or beach, and the mode of trestn 
them ; the application and effect of Sluicing and Dredging, and the extent to whi 
they can be applied with advantage ; the origin and application of the Diving-bd 
the composition and application of Water Cements ; the proper form, constmctlG 
application, and positions of Breakwaters, Piers, and Jetties, whether of wood, in 
or stone ; accompanied by a History of the Science from the earliest ages, ai 
examples of the most celebrated Ancient and Modem Harbours. 

The Subscription List is now open. 



In one thick Svo. Volume^ profusdy iUuatrated with numerous Steel Engravimft^ 
elegantly bound in chthf price 26$., or inpartSf 3s, each. 

ARCHITECTURAL PRECEDENTS; 

WITH NOTES AND OBSERVATIONS, ILLUSTRATED WITH WORKIN 

DRAWINGS. 

PART 1, complete in itself, contains Plans, Elevation, Section, Spsoinq 
TiON, and Bill of Quantities of Second-rate Buildings, with an Elevatii 
finely Engraved, and Five Detailed Drawings on Steel. 

PART 2. St. Olave's School, Southwark, with Plans, Sections, and Elev 
tions. Eight Detailed Drawings on Steel. John Newman, Esq., Architect 

PART 3. Spilsbt Gaol, Lincolnshire. H. E. Kendall, Esq., Archite 
With the Ground Plan, One-Pair Plan of Prison, First-Floor Plan of Sessions-Houi 
and Entrance to Spilsby Sessions-House ; also Specification and Description of t 
Works. Five Steel Plates. 

PART 4. Transverse Section and Elevation, Longitudinal Section, Back Ele^ 
tion. General Elevation, and Two-Pair Plan of the Prison. H. E. Kendall, Ek 
Architect. Five Plates beautifully engraved on Steel; with Suggestions for the Ii 
provement of Prisons, Detailed Estimates and Quantities (the ^ces annexed), a: 
Practical Observations by the Editor. 

PART 5. Drawings, Specification, Quantities, &c., of the Bromsgrove Den 
and Engine Factory, Birmingham and Gloucester Railway. Capt Moorsom, C.J 
Engineer. Six Steel Plates. 

PART 6. Details of the Gloucester and Birmingham Railway, on Six Sti 
Plates, with valuable Tables and Memoranda relative to Railway Works, and Tab] 
of the Weight of Materials (in a finished state) for a Locomotive Engine, with 14-1 
cylinder, and 1ft. 6in. stroke. 

PART 7. Bedworth Hospital, Warwickshire. T. L. Walkxb, Ea 
Architect* Plans, Elevations, Sections, Interior and Exterior Views, with Bill 
Quantities, Prices, Estimates, &c. 

PARTS 8 and 9. Bedworth Hospital. T. L. Walker, Esq., Architect ; wi 
numerous Drawings, Specifications, and Contracts. The Scotch Church, Rjbobi 
SauARE. W. TiTE, Esq., Architect, F.R.S., F.G.S., President of 'the Arcidtectiu 
Society, &c. A portion of the Reform Club-house. Charles Bajlbt, Est 
Architect. Also, a Summary of the Law Cases, completing the First Series of ti 
Architectural Precedents. 

N,B. — In this Volume will be found a Series of Law Cases of the most importani dia 
sions respecting Dilapidations, Sfc, peculiarly interesting to the Profession. 

The present work has been undertaken with a view of removing a defect in ARGE 
TECTURAL LITERATURE, which has long existed. It will be found to consist 
Plans, Elevations, Sections, Sfc, accompanied with Specifications, Quantities, and 
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of Publio and Private Buildings: the whole expressly arranged for the reference of 
Architects, Engineers, Builders, Clerks of Works, and Professional Students. 

The following Professions and Trades will find the ARCHITECTURAL PRECE- 
DENTS an indispensable volume of reference. Architects, Engineers, Builders, Clerks of 
Works, Carpenters, Joiners, Stone Masons, Painters, Plumbers, Upholsterers, Decorators, 
and iM Practical Men: with a variety of information most useful to the Amateur 
Architect and Builder, and to all interested in the great Architectural and Engineering 
Works now carried on in this Country. 

The First Volume of the ARCHITECTURAL PRECEDENTS having met with dis- 
tinguished success from the Profession, and been highly praised by the Press, the Proprietory 
have made such arrangements as will enable them to give some of the Finest Buildings 
in the Country, go as to merit the continued Patronage of their Subscribers. 

Notices of the Press. 

** The number of this month is devoted to the building of prisons, a subject rendered of in- 
creased importance to architects and the public, by the late reports to Parliament of the Prison 
Inspectors. Many sound suggestions on the subject, and an unmense amount of detail, in the 
form of estimates. &c., connected with their erection, and the building of Spllsby Court-house 
are given, all of which must be of immense advantage to parties practicaUy engaged in the busi- 
ness.'*— Arffitf. 

** The entire body of the profession are indebted to the able Editor of this work.*' — Argus. 

" The ol^ect of this publication is to collect together a mass of valuable documents and illustra- 
tions on architectural practice, which hitherto nave existed in a loose and divided state, and to 
place before the professor, the student, and the amateur, a library of professional reference of con- 
siderable value and importance. The value of a work of this description depends on the manner 
of its execution and arrangement. Both these appear unexceptionable, and we consider these 
' Architectural Precedents ' worthy a place in the library of every professor, student, and ama- 
teur.** — Inf>entor*s Advocate. 

Mr. Loudon says, *' it will be very useful to students and amateurs.** 

*' It ia copious^ minute, well arranged, and got up with attention to its practical utility." — 
JTeeklf Dispatch. 

*' This work is valuable for its architectural directions, and (the 4th part) for its abridgement 
of the 4th Report of the Inspectors of Prisons, wMch popular and important subject it copiously 
andolearly illustrates."—^^, July 4, 1840. 

'* This professes to be * A thoroush practical work on specifications, quantities, and working 
drawings of buildinss and other pubuc edifices,' and, so far as we can judge from the number be- 
fore us, is likely to mlfil the promise. The tables, sections, and elevations, cannot but be extremely 
useftil both to me professional builder and to private individuals. This number relates exclusively 
to domestic architecture, and illustrates the mode of constructing houses of moderate dimensions, 
of which it contains ail the materials for specifications and estimates. The plan will be extended 
to shop-fronts, manufactories, and every varietj of building, public or private, the whole expressly 
arranged for the reference of architects, engmeers, builders, clerks of works, and professional 
students."— Zrtve7>oo2 Paper. 



In one handsome 4to Volume^ with nearly 80 Ijarge Plates, elegantly and correctly 
engraved on Steel; also, a splendid Frontispiece of the celebrated Maidenhead Bridge, 
remoumed tkroughmU Europe for its beaut\fit construction. 

RAILWAY PRA.CTICE: 

OR THE 

PUBLIC WORKS OF THE MOST CELEBRATED ENGINEERS. 

BY S. C. BREES, C.E. 

AUTHOR OP THE FIRST SERIES OP RAILWAY PRACTICE; ALSO, A GLOSSARY OF TERMS 
USED IN CIVIL ENGINEERING, AND OTHER WORKS NOW IN THE PRESS. 

The whole work comprising Tramroads and Railroads ; Bridges, Aqueducts, Via- 
ducts, Wharfs, "Warehouses, Roofs, and Sheds; Canals, Locks, Sluices, and the 
Yariowi Works on Rivers, Streams, &c., &c. ; Harbours, Docks, Piers, and Jetties, 
Tunnels, Cuttings, and Embankments ; the several Works connected with the Drain- 
age of Marshes, Marine Sands, and the Irrigation of Land ; Water-works, Gas-works, 
Water-wheels, Mills, Engines, &c., &c 

After the unexampled success of the First Series of Railway Practice, which has 
become a standard work of reference in scientific libraries, being translated into 
foreign languages, it would be superfluous to apologize for the publication of a 
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Second Series, which, in addition to the admowledged excellence of the Fint 8erie% 
has this advantage — instead of lithography, the finest engravings on steel have been 
adopted, at a large outlay ; the publuher trusting to the extensive patronage of tiie 
profession to repay him this additional expense. The following detailed list will 
show the important matter contained in this Volume, and its superiority over ■ome 
similar works, which have been got up without an editor, firom the comlnned feelmg 
of miserly economy and presumptuous ignorance. 

lAtt qf Plates. 



9.— Method of layins Permaoent Way, London 
and Croydon Railway. J. Oibbs. 

8.— Bridge for Occupation Road, on Deptford 
Common, ditto, ditto. 

4— Locomotire Engine, ditto. J. & O. Rennie. 

5d— >Ditto, for assistmg the trains up the inclined 

jplane, ditto, ditto. 
6 — ITitto, ditto. 

T.^Bridge at Cheltenham, Birmixigham and 
Gloucester Railway. Captain Moorsom. 

8.--Ditto, ditto. 

9.— Bridge No. 35, Bredon contract, ditto, ditto. 

lO.-— Tewkesbury DepOt, ditto, ditto. 

ll.-Ditto, ditto. 

12d— Swing Bridge, London Docks. H.R. Palmer. 

13.— Ditto, ditto. 

14.^£levation of the Stockport Viaduct, Man- 
chester and Birmingham Railway. O. W. 
Buck. 

15.~Congleton Viaduct, ditto, ditto. 

16.— Ditto, ditto. 

17.— Viaduct across the Vale of Fleurv, Paris and 
Versailles Railway. M. Perdonnett 

18.— Bridge over the River Cart,01asgow, Green- 
ock and Paisley Railway. J. Locke. 

19 —Bridge over South Croft Street, ditto, ditto. 

90. — ^Bridge over Cook Street, Glasgow, ditto, 
ditto. 

91.— Bridge over Cook Street, Glasgow, ditto, 
ditto. 

99.— Bridge over the Pollack and Govan Rail- 
way, ditto, ditto. 

93.— Ditto, ditto. 

94. — ^Accommodation Bridge for Shippen Farm, 
over the Leeds and Selby Railway. J. 
Walker. 

95.— Details of iron-work to ditto, ditto. 

96.— Bridge over the Clyde, at Milton. G. Bu- 
channan. 

97.— Grand Western Canal Swing Bridge. J. 

28.— Ditto, ditto. 

99.— Bridge over the new turnpike road to North 
Shields, Newcastle-on-fyne and North 
Shields Railway. R.Nicholson. 



30.— Details of construction of ditto, ditto. 
31.— Forth and Cart Junction Canal, detaOs of 

lock. J. Macneill. 
39.— Ditto, ditto. 

33.— Details of k)ck-gates to ditto, ditto. 
34.— Details of lower lock-gates to ditto, dittou 
a*).- Ditto, ditto. 
36.— Embankment wall of the New Houses sf 

Parliament. J. Walker and A. Barges*. 
36.— Swing Bridge, St. Katharine's Doeka. T. 

Telford. 
37.— Ditto, ditto. 
38.— Ditto, ditto. 
39.— Ditto, ditto. 
40.— Ditto, ditto. 
41.— Ditto, ditto. 
49.— Ditto, ditto. 
43.— Ditto, ditto. 

44.— Bridge over the Rochdale Canal, at 8eow« 
croft, Manchester and Leeds Railway. 
T. L. Gooch. 
Ditto, ditto. 
Ditto, ditto. 

Locomotive Engine constructed Cor the 
London and Southampton Railway. O.aad 
J. Rennie, 
DiUo, ditto. 
Ditto, ditto. 
Quay wall, Grangemouth Harbour. J. Met* 

neilL 
-Ditto, ditto. 

Timber pier, ditto, ditto. 
Ditto, ditto. 

Bridge over the river Soad, at Btamfbrda 
Midland Counties Railway. C. Vignoles. 
-Details of construction of ditto, ditto. 
Bridge for road from, Banbury to Later- 
worth, London and Birmingham Railway. 
R. Stephenson. 
-Details of iron-work to ditto, ditto. 
■Ditto, ditto. 
Bridge over the Cramlington Railway, See- 

hiU Railway. R. Nicholson. 
-Ditto, ditto. 
-Lock upon the river Cam. 



45.. 
46.- 
47.- 



48.- 
49.- 
50.- 

51.- 
59.- 
53.- 
51- 

55. 
56.- 



57.- 

Do.— 

50.- 

60.- 
61.- 



The FIRST SERIES of RAILWAY PRACTICE can be had uniformly bound 
with the Second— either Plain or Coloured. 



In 1 handtome Ato Volume, nearly 40 Sheets of Letter-press. lUastrated with 8is itoffi 
Working Drawings^ heaut\fiiUy engraved on Copper, by Kelsall, of Hawtkom^s 
Paris and Versailles Locomotive Engines, and Descryttions. 

APPENDIX TO RAILWAY PRACTICE, 

BY S. C. BREES, C. £. 

Consisting of a copious Abstract and Glossary of the Evidence on the several 
Railway Bills when before Parliament, properly digested, abbreviated, and arranged, 
with the Marginal Notes. 
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Now Beady t in 1 Volume, Svo. cloth gold lettered, dedicated by permission to the 

President and Council 0/ the College of Engineers. 

THE DOCTRINE OF PROPORTION, 

AS CONTAINED IN THE FIFTH BOOK OF EUCLID, 

BY OLIVER BYRNE, 

PROPESSUR OF MATHEMATICS, COLLEGE OP CIVIL ENGINEERS. 

This book, on an entirely original plan, will be found of extensive utility in every 
class where Mathematics form a part of the student*s instruction. 



Also, by the same Author, 

A COURSE OF MATHEMATICS 

FOR THE COLLEGE OF CIVIL ENGINEERS. 



Also, by the same Author. 4to. Price 30s. 
THE SECOND EDITION OF A 

NEW AND IMPROVED SYSTEM of LOGARITHMS. 



STANDARD WORKS ON SCIENCE. 



ADCOCK'S Engineer's Pocket-book, for 
1840, 68 

Alderson (M. A. ) on the Nature and Ap- 
plication of Steam, plates, Svo. new 
bds. 10s 

Andreossi (F.) Histoire du Canal du Midi, 

Arcana of Science and Art for 1838-9-40, 
5 s each 

Architectural and Engineering Chronicle 
of Germany (The). Edited by Ar- 
chitects and Engineers of all Countries. 
The object of this work is to collect 
and arrange the contemporary know- 
ledge of Europe concerning Architec- 
ture and Engineering, and by this 
means enable different countries to 
exchange ideas, forming one vast com- 
munity of art. 

Armstrong on Steam-Engine Boilers, 2nd 
edition, 8vo. 8s 

Amott on Warming and Ventilating, 8vo. 
cloth, 5s 

Amott's (Dr.) Elements of Physics, or 
Natural Philosophy ; written for uni- 



versal use, in plain or non-technical 
language, 8vo. bth edition, enlarged. 
Vol. 2 (price 21s) has Treatises on 
Mechanics, Hydrostatics (with an ac- 
count of the Floating Bed, lately con- 
trived by Dr. Amott, for the relief of 
thebed-ridden). Pneumatics, Acoustics, 
Animal Mechanics, &c.; Vol.2, part 1 
(price 10s 6d), on Heat, Optics, &c. ; 
and Vol. 2, part 2 (to complete the 
work), on Electricity, Magnetism, and 
Astronomy. 

••A useful and elegant work."— Sir J. 
Hbrscubl. 

Arrowsmith's (A.) new General Atlas, con- 
taining the recent Discoveries of Ross, 
Parry, Franklin, Denham, Clapperton, 
&c. royal 4to. half bound, 1/ 16s 

Astronomical Observations at the Royal 
Observatory, Greenwich, from 1765 to 
1806, by Maskelyne, 4 vol. folio. 

Astronomical Observations, at the Royal 
Observatory, Greenwich, from 1811 to 
1835, by Pond, 9 vol. folio. 



J. Williams^ Library of Arts, 



Attwood on Arches, 2 parts, plates^ 4to. 
l/3s 

Attwood (G.) on the Construction and 
Properties of Arches, 2 parts, plateSf 
4to. 1/ 4s. 1801.4. 

Bailey's Account of Mechanical Machines, 
approved by the Society of Arts, thick 
foUo, 100 platest neaf, 17s 

Bailly Histoire de 1' Astronomic ancienne 
et modeme, 4 vol. 4to. PariSf 1781 

Baines' (£.) History of the Cotton Manu- 
facture in Great Britain,/;or/rafY9 and 
plat 68 f large 8vo. cloth boards attd gold 
lettered^ 15s 

Bakewell's (R.) Introduction to Geology, 
4M edit ion, greatly enlarged with plates ^ 
Hfc. 8vo. 1/ Is 

Banks on MilUf plates, 8vo. 6s 

Barlow's New Mathematical Tables, 8vo. 14s 

Barlow on the Strength and Stress of Tim- 
ber, 16s 

Barlow's Treatise on the Strength of Tim- 
ber, Cast Iron, Malleable Iron, and 
other Materials, 16s 

Barlow's (P.) Manufactures and Machinery 
of Great Britain, to which is prefixed 
an Introductory View of the Principles 
of Manufactures, by Charles Babbage, 
Esq., F.R.S., &c., large and thick 4to. 
containing 87 plates, 3/ 3s. 1836 

Bayldon's (J. S.) Arts of Valuing Rents 
and Tillages, 8vo. 7s 

Bayldon's Treatise on the Valuation of 
Property for the Poor's Rate, &c. 8vo. 
7s 6d 

Bayley's (Rev. John) Elements of Algebra, 
for the use of Eton School, 8vo. 8s 

Beaumont's (B.) Hints for preventing 
Damage by Fire in the Construction 
and Warming of Buildings, 8vo. 3s. 

Bennett's Artificer's complete Lexicon, La- 
bour prices for Bmlder's work, 2nd 
edition, 8vo. 15s 

Bennett's Original Geometrical Illustra- 
tions, bb plates, neatly bound in cloth, 
Ills 

Bennett's Pocket Director for Millwrights 
and Engineers, 18mo. 3s 6d 

Bennett's Pocket Director for Carpenters, 
Builders, and Cabinet Makers, 3s 6d 

Bennett's Pocket Director for Bricklayers, 
Stone Masons, and Plasterers, 3s 6d 

Bennett's Pocket Director for Plumbers, 
Painters, Glaziers, and House Deco- 
rators, 3s 6d 

Bidder's (George, the celebrated calculator), 
^blcs, showing the contents of Exca- 
vations, for Estimating Public Works. 
On a Card, for the Office, 48 6d — as a 
Book, 3s 6d~on Paper, 2s 6d 

Billington's Architectural Director, 2nd 



edition, 8vo. enlarged, and illustrated 
by nearly 100 plates and tables, 1/ 8b 

" A work of Standard rGputation on the 
Theory and Practice or Architecture ; 
it is very handsomely got uj), and very 
cheap." — Mechanic's Aiagaxtne. 

Birkbeck's (Dr.) Lecture on Timber, by 
Kyan's Votent, plates, 8vo. Is 

Bland (W.) on Arches, Piers, &c., 8vo, 7s 

Brett's (W.) Principles of Astronomy, 
part 1, containing Plane Astronomy, 
8vo. 10s 

Brett's (W.) Principles of Astronomy, 
part 2, containing Physical Astrono- 
my, 8vo. 10s 

Brewster's Encyclopaedia, 18 vol., plates, 
4to., half-russia, 18/ 18s. 

Bridgen's Views of Canton Bridge, erected 
over the new line of the Birmingham 
Canal, at Smithwick, in the county of 
Staff6rd,in \%2^, large size, india paper, 
5s 

Bridge's (Rev. B.) Treatise on Algebra, 
8vo. 7s 

Brayley's Graphic and Historical Illustrator, 
150 cuts, 4to. 8s. cloth, 3s 6d 

Bright's Tables for Calculating the Value 
of Estates, post 8vo. 10s 6d 

Brougham's (Lord)Dissertations on Science, 
forming the concluding vols, of Pidey, 
2 vols. 18s 

Brunton's (R.) Compendium of Mechanics, 
12mo. 38 6d 

Brunton on Excavating Ground andforming 
Embankments for Railways, 8vo. 2s 6d 

Butler's (Dr. S.) Atlas of Modem Geogra- 
phy, consisting of 23 coloured Maps, 
from a new' set of Plates, with a com- 
plete index of all the Names, half- 
bound 12s 

Butler's (Dr. S.) Atlas of Ancient Geogra- 
phy, consisting of 22 coloured Maps, 
with a complete accentuated Index, 
half- bound, 12s 

Butler's (Dr. S.) General Atlas of Ancient 
and Modem Geography, 45 coloured 
Maps and 2 Indexes, half-bound, 1/ 4s 

Buchanan on the Teeth of Wheels, 8vo. 58 

Buchanan on Mill-work and other Ma- 
chinery, by T. Tredgold, 2 vol. plates, 
8vo. 1/ 4s 

Buchanan on the Shafts of Mills, 8vo. bds, 
scarce, 9s 6d 

Buck on Skew Arches, as applicable to 
Railways, &c., 14s. 

Burr's Elements of Practical Geology, with 
its Application to Mining, Engineering, 
Architecture, &c. 8vo. chth, 6s Gd 

"A simple, clear, and useful Manual ; por- 
table and cheap." — Metropolitan A/a* 
gazine. 
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Cambridge Mathematical Journal 

Camus on the Teeth of Wheels, 8yo. plateSf 
bdt. 88 6d 

Ciaxton's (T.) Hints to Mechanics, foolscap. 
8vo., clothf 4s 

Conversations on Chemistry f piatest 2 vol. 
12mo. 14s 

Conversations on Natural Philosophy ,/i/ia/e«, 
12mo. 10s 6d 

Conversations on Mineralogy, 2 vol. 12mo. 

Courtenay's (E. H.) Elementary Treatise 
on Mechanics, translated from the 
French of Bourcharlat, neat in calf, 
plates, 14s 6d. New York, 1833 

Cro<5Ler's(A.) Elements of Land Surveying, 
12mo. Id, 9s 

Cumming on Suspension Bridges, plates, 
8vo. 4s 

Cumming's Works on Clock and Watch 
Malung, and other Sciences, thick 4to. 
h€df -bound, 12s 

Daniels' (W.) Views of the New Docks in 
the Metropolis, m 6 large plates, ele- 
gantly coloured, comprising Panoramic 
Views of the surrounding Country, 
5s 6d each. 

The Subjects are : the Loudon Docks ; the 
East India Docks; the Commercial 
Docks, at Rotherhijthe ; the Brunswick ; 
the New Dock, at Wapping ; and the 
West India Docks. 

Daguerre's History of Photogenic Drawing, 
8vo. 2s 6d 

Darby's Student's Algebra, bd, 3s 6d 

Davies' (T. S.) Solutions of the Principal 
Questions of Dr. Hutton's Course of 
Mathematics, forming a General Key 
to that Work, 8vo. 1/ 4s 

Davy on the Safety Lamp, 8vo. 5s 

Day's Railway Calculator, foolscap 8vo. 5s 

Dix's Complete Practical Treatise on Land 
Surveying, 200 Diagrams, and a Plan 
of an Estate, &c. 6M edition, with ad- 
ditions, 8vo. 8s 

Dodd and Hann's Mechanics for Practical 
Men, 8vo. 7s 6d 

Douglas on Military Bridges, plates, 2nd 
edition, 8vo. 1/ 

Drewry's (C. S.) Memoirs on Suspension 
Bridges, 8vo. 12s 

Civil Engineer and Machinist (The). Practi- 
cal Treatises onCivil Engineering,Engi- 
ncer Building, Machinery, MiU Work, 
Engine Work, Iron Founding, &c.,&c., 
designed for the use of Engineers, 
Iron Masters, Manufacturers and Ope- 
rative Mechanics. By Charles John 
Blunt, consisting of Examples worked 
through their entire detail of fimda- 
mentfd principle, organization, and 
progress of execution, and being in 



every case the known great works of 
British and Foreign Engineering com- 
plete, and at length accompanied by 
full Reports, Specifications, Estimates, 
and Journals of Progress, and illustra- 
ted by the formulae, calculations, tables, 
&c. in use by the first authorities, 5 
parts, /^ce 21s each division, 

Edgeworth on Roads and Carriages, 8vo. 
bds,, plates, 7s 6d 

Elements of Algebra^ for the use of Harrow 
School, 12mo. 3s 6d. 

Emerson's Principles of Mechanics, plates, 
8vo. 12s 

Evan's Young Millwright, with additions 
by Jones, 8vo. 21 plates, 18s. Phila- 
de^hia. 

Farcy's (John) Treatise on the Steam En- 
gine, Historical, Practical, and Descrip- 
tive, illustrated by numerous Woodcuts 
and 25 Copper-plates, engraved by 
Wilson Lowry, from Drawings by Mr. 
Farey, 4to. bds, bl 5s 

The present volume concludes at that 
part of the History of the invention of 
the Steam Engine, when it had been 
brought to that de^ee of perfection, in 
which all its principles of action were 
fully dcvelopeu and realized in practice. 
The remainder of the subject will con- 
sist of technical descriptions of struc- 
ture of such steam en^es as are now 
in use ; this, with their applications to 
various purposes, will form the suhjeet 
of another volume, considerable prepa- 
rations for which have been made, and 
for which most of the plates have al- 
ready been engraved by the late Wilson 
Lowry. 

Fairbaim's Treatise upon the Political Eco- 
nomy of Railroads, in which the new 
mode of Locomotion is considered, in 
its influence upon the affairs of Na- 
tions, 1 vol. 8vo. with cuts, 6s 6d 

Fulton on Canal Navigation, plates, 4to. 
10s 

Fuller's (J.) Essay on Wheel Carriages, 
8vo. 

Fyfe's (Dr. A.) Manual of Chemistry, 
chiefly for the use of Mechanics' In- 
stitutions, 12mo. 7s 

Foumeau, I'Art du Trait de Charpenteric, 
SS plates, 1/lOs 

Fox on the oblique Arch, royal 8vo. 2s 6d 

Frome on Military Surveying, 8vo. cloth 
bds. 10s 6d 

Galloway (T.) on Probabilities, from the 
Encydopeedia Brittanica, post 8vo. 6s 

Galleiy of Practical Science, containing 
^lechanics of Fluids and Hydraulic 
Architecture, by Dr. Alexander Ja- 
mieson. The subjects contained in this 
Work have hitherto been considered 
as desiderata, in the Mechanics of En- 
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gineering; with a ricw therefore of 
supplying these desiderata this Work 
is now published, entitled " Mechanics 
of Fluids," comprising Hydrodynamics 
and Hydraulic Architecture; illustrated 
by Practical Examples, and numerous 
Engravings in Wood and Copper- 
plates, in 1 vol. 8vo., clothy gold let- 
teredt 17s 

*• It is a work," says Dr. Birkbeck, in a 
letter to the Editor, 18th March, 1837, 
*• which will accomplish a great deside- 
ratum in practical science ; for although 
there occurs much mathematical inves- 
tigation, there is nothing which ought 
not to be easily understood and tho- 
roughly ^known, by every individual 
who attempts any practical pursuit 
connected with the subjects which you 
have handled. Indeed I consider this 
publication an admirable text-book for 
engineers of every description ; and 
also peculiarly ^apted for tne libraries 
and lecture-rooms of mechanics* in- 
stitutions." 

Gauthey sur les Fonts et Canaux, 3 vol. 
plates f 4to. 3/ 10s 

Guest's History of the Cotton Manufac- 
tures, plateSf 4to. 6s 6d 

Gibbons' Law of Dilapidations, 8vo. cloth 
bds. 9s 

Gibbons' Law of Fixtures, 12mo. 3s 6d 

Gordon on Locomotion, 2nd editiofit plaies, 
10s 6d 

Gregorj^'s Mechanics, 3 vol. plates, 8vo. 
1/16S 

Gregory's (Olinthus) Lectures on Philo- 
sophy, Astronomy, and Chemistry, 
plates, 2 voL 12mo. I4s 

Gregory's (Olinthus) Treatise of Mecha- 
nics, TheoreticflJ, Practical, and De- 
scriptive, 3 vol., 8vo. 21 2s 

Grier's (W.) Mechanic's Calculator, por- 
trait , 12mo. 5s 6d. 

Gwilt on Arches, 5s 

Higgins' Experimental Philosopher, cloth 
lettered, 7s 6d 

*' A more useful work on questions of a 
Chemical and Scientific character has 
not for some time appeared." — Con»er~ 
vcUive. 

Hill, on the Construction of Timber, from 
its early Growth, j9to/e*,8vo. 4s. 

Hall's (Sidney) New General Atlas, of 53 
maps, with the Divisions and Bound- 
aries carefully coloured, constructed 
entirely from new Drawings, corrected 
to the present time, folded in half, and 
bound in canvas, SI 18s 6d 

Hall's (Sidney) ditto, half-bound in russia, 
9/ 9s 

Hall's (Sidney) ditto, in the full extended 
size of the Maps, ha^-bound in russia, 
10/ 



Hall's (Sidney) ditto, with /jroq/» on ZikKa 
paper, half-bound in russia, 14/ 5s 

For favourable opinions of this Atlas, 
see the Literary Gazette, Gentleman's 
Magazine, the Spln-nx (conducted by 
J. S. Buckingham, Esq.), New Monthly, 
Magazine, Globe, &c. 

Hart on Oblique Arches, 2nd edition imp. 

8vo. 8s 
Hawkin's (J. J.) Treatise on the Teeth of 
Wheels, Pinions, &c.. Translated from 
the French of M. Camus, carefully 
enlarged with the Details of the 
present improved practice of Mill- 
wrights and Engine-Makers, 8vo. 
plates, bds. 10s 6d 
Hebert's (L.) Engineers and Mechanics' 

Encyclopaedia, with woodcuts, 8vo. 

l/16s 
Hoppers' (F.) Practical Measuring made 

Easy, long 12mo., bd, 4s 
Hort's (W. J.) Sciences and Arts, 2 vol. 8s 
Holliday (T.) on Land Surveying, 8vo. 10s 
Hutton's (Dr. C.) Tracts on Mathematical 

and Philosophical Subjects, plates, 3 

vol. 8vo. 2/ 8s 
Hutton's (Dr. C.) Mathematical and Philo- 
sophical Dictionary, /;/a/f9, 2 vol. 
Hutton's (Dr. C.) Complete Measurer, 

12mo. bd. 4s 6d 
Hutton's (Dr. C.) Mathematical Tables, 

royal 8vo. 18s 
Hutton's Recreations in Mathematics and 

Natural Philosophy, 4 vol. 8vo. plates, 

1/ 14s. 
Hullmandel's Art of Drawing on Stone, 

new edition, 8vo. 7s 6d 
Hughes' Practice of Making and Repairing 

Roads, 3s 6d 
Inman's Report of the Committee of the 

House of Commons on Ventilation, 

Warming, and Transmission of Sound, 

with notes, 8vo. 7s 
Inwood's Tables for the purchasing of 

Estates, bds, 7s 
Jackson's Course of Military Surveying, 

8vo. 12s 6d 
Jopling's (J.) Septenary System of genera- 
ting Curves, by continued Motion, 

8vo. 2s 6d. 
Keith's (Thos.) System of Geography for 

the use of Schools, on an entirely new 

plan, in which the recent Alterations 

in the Division of the Continent are 

carefully attended to, 12mo. bd. 6s 
Keith's(Thos.)Key to ditto, by Prior, 12mo. 

2s 6d 
Keith's (Thos.) Treatise on the Use of the 

Globes, 12mo. bd, 6s 6d 
Keith's (Thos.) Elements of Plane Geo- 

metry, 8vo. 10s 6d 
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Keith*8(Tho8.) Elements of Plane Trigono- 
metry, 8vo. 148 

Keith's (Thos.) Complete Measurer, 12mo. 
bd. 5s 

Keith's (Thos.) Key to ditto, by Maynard, 
12mo. bd, 4s 6d 

Lardner's Steam-Engine Explained and 
Illustrated, jpi^/e«, 8vo. 7s 6d 

Lardner's (Dr.) Cabinet Cyclopaedia, pub- 
lished in Monthly Volumes, foolscap 
8vo. each 6s 
Mechanics, 1 vol., by Captcdn Kater, 

and Dr. Lardner 
Outlines of History, by Thomas Keight- 

ley, Esq., 1 vol. 
Preliminary Disco^se on Natural Phi- 
losophy, 1 vol., by Sir J. S. Hers- 
chell 
Hydrostatics, &c. 1 vol., by Dr. Lardner 
Treatise on Optics, 1 vol., by Sir David 

Brewster 
Treatise on the ManufiEuitures in Metal, 

Vol. 1, 2, and 3, IBs 
Treatise on Chemistry, 1 vol. 
Treatise on Heat, by Dr. Lardner, 

1vol. 
Treatise on Astronomy, by Sir John 

Herschell, 1 vol. 
History of Natural Philosophy, by 

Professor Powell 
Lives of Eminent Literary and Scien- 
tific Men, VoL 1 

Leithead's Treatise on Electricity, foolscap 
8vo. 8s 

Lyell's Elements of Geology, 12mo. 10s 6d 

Lyell's Principles of Geology, plates, last 
■edition, 4 vol. 12mo. bds, II 16s 

M' Adam's (John L.) Remarks on the pre- 
sent System of Road Making, 8vo. 
7s 6d 

M'Adam (John L.) on the Management of 
Trusts for the Turnpike Roads, 8vo. 68 

M'Culloch's Dictionary, Practical, Theo- 
retical, and Historical, of Commerce 
and Commercial Navigation 

Maltebrun's System of Geography, with 
an Index of 44,000 names, complete 
in 9 vol., 8vo 

Maltebrun's Principles of Geography, in 
1 voL 8vo., 2nd edition improved by the 
editor, of the most recent Information 
derived from various sources, boards. 
15s 

Marratt's (W.) Theory and Practice of Me- 
chanics, jp/io/e*, 8vo. 12s. Boston 

Mahan on Civil Engineering, by Barlow, 
4to. 148 

Matthews' (W.) Hydraulia, an Historical 
and Descriptive Account of the Water 
Works of London, several Plates of 
Plans, Details, &c., 18s. 



Matthew's (W.) Historical Sketch of the 
Origin and Progress of Gas Lighting, 
12mo. 7s 6d 

Matthew's (W.) Compendium of Gas Light- 
ing, j0/^^e«, 12mo. 4s 6d 

Matthew's (W.) Gas Lighting Projects, 
Facts of New Schemes, &c. 8vo. bd. 

Milne (J.) on the Steam-Engine, 1 vol. 
8vo. 1/ls 

Milne's Plans for the Floating of Stranded 
YeaselSf plates, Bvo. 3s 

Milne on the Tidal Currents, at Leith, j^/San, 
Is 

Milne's Two Views of the Steam-Engine, 
on a roller, 1/ 10s 

Mitscherlich's Practical and Experimental 
Chemistry, by Stephen Love Ham- 
mick, M.D., 100 woodcut illustrations, 
cloth lettered, 10s 6d 

Moseley's Mechanics applied to the Arts, 
2nd edition, post 8vo. 6s 6d 

Moyle's (S.) Report for a Breakwater in 
Plymouth Sound, plates, 4to. 5s 

Nesbit's (A.) Treatise on Practical Land 
Surveying, j0ila/e<, Bvo. 12s 

Nesbit's (A.) Treatise on Mensuration, 
12mo. bd. 5s 

Nichols, Priestly, and Walker's New Map 
of the Navigable Rivers, Canals, and 
Railways of Great Britain, derived from 
Original and Parliamentary Docu- 
ments, on 6 sheets 
Plain, 3/ 3s 
Coloured, 3/ 138 6d 
Ditto, on a roller, in case, 41 148 6d 

Nichols, Priestley, and Walker's Book of 
Reference to ditto, 4to. 21 2a 

Nicholson's (Peter) Practical Treatise on 
the Construction of the Oblique Arch, 
with an Appendix 

Nicholson's (Peter) New and Extended 
Treatise on Projection, together with 
a complete system of Isometrical 
Drawings; the whole practically ap- 
plied to Architecture, Building, Car- 
pentry, Machinery, Ship-building, As- 
tronomy, and Dialling, with numerous 
plates, Bvo. 1/ Is 

Nicholson's (J.) Operative Mechanic and 
British Machinist, with Supplement, 
by Charies Taylor, plates, large thick 
Bvo. l/lls6d 

Nicholson's (Peter) Architectural and En- 
gineering Dictionary, very neatly haff- 
bound in calf, 4/ 10s 

Nicholson's Practical Builder, thick 4to. 
l/lBs 

Nicholson's Student's Instructor for Draw- 
ing the Five Orders, Bvo. very neat, 
68 6d 

Nicholson's Practical Treatise on Masonry, 
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aiid Stone Cutting, 43 plates^ 2nd 
editiorif royal 8vo. bit, 16s 

Observations on thie Law of Copyright, 2s 

Pambour's (Dr.) Theory of the Steam-en- 
gine, 8vo. 12s 

Pamel's (Sir Henry) Treatise on Roads, 
8vo. 1/ Is 

Partington on the Steam-engine, platesy 
8vo. 10s 6d 

Pasley's (Col.) Observations on Limes and 
Calcareous Cements, 8vo. with nume- 
rout woodcutSf 14s 

Penn's Tables for Cast and Wrought Iron 
])ars, &c. 2s 

Perkins (J.) on the Explosion of Steam 
BoJlen, platesy 8vo. Is 6d 

Perry's (Capt. J.) Account of the Stopping 
of Daggenham Beach, large plan, 8vo. 
6s 

Perronet's Great Work on Bridges and 
Civil Engineering, 2 vol. 4to., and a 
large folio of plates, 6/ 6s 

Practictd Engineer's Pocket Guide, 32mo. 
Is6d 

Pryce's Treatise on Mining, the methods 
of working Tin, Copper, and Lead 
Mines, and an explanation of mining 
terms, folio, bds. scarce^ 1/ 5s. 1773 

Principles of Warming and Ventilating 
Public Buildings, published at 16s, 
6s 6d 

Provis' Scientific, Historical, and Descrip- 
tive Account of the Suspension Bridge 
constructed over the Menai Strait, in 
North Wales, with a brief Notice of 
Conway Bridge 

Large Atlas folio, 17 very finely en- 
graved plates, 41 14s 6d 
A few copies only of proq/k on india 
paper, 61 6s 

Professional Survey of the Old and New 
London Bridges, and their approaches, 
S\o, portrait of John Rennie, 2s 

Quetclet on the Calculation of Probabili- 
ties, translated by Beamish, 12mo. 
cloth bds. lettered, 4s 6d 

Reid's Remarks on Arugo's Statements on 
the Steam-engine, 8vo. 28 6d 

Reid (Colonel) on Storms, royal 8vo. c^/A 
bds. 1/ Is 

Repertory of Arts and Manufactures, com- 
plete 

Richardson (C. J.) on Warming and Ven- 
tilating Buildings, 2nd edition, 12s 6d 

Rendel's New Work on Floating Bridges, 

Robert's Mechanics' Assistant, containing 
Tables of Measures, Weights, and 
Powers, &c., &c. half-bound, 3s 

Robson's (T. C.) Treatise on Marine Sur- 
veying, 8vo. 10s 6d 

Robson's (J.) Treatise on Geodesic Opera- 



tions, or County- Surveying and Level- 
ling, plates, 8vo. 7s 

Ross's (Sir John) Treatise on Navigation by 
Steam, comprising an History of the 
Steam-engine, and a Essay towards a 
System of the Naval Tactics Peculiar 
to Steam Navigation, 4to. 1/ Is 

Robinson's Mechanical Philosophy, 4 vol. 
8vo. plates, very scarce 

Rumford's (Count) Essay, 3 vol. 8vo. l/4s 

Scott's Lessons on Machinery and Mecha- 
nical Drawing, plates, folio, part 1, 
78 6d 

Seaward's (J.) Observations on the Re- 
building of London Bridge and on 
Krchts, plates y 8vo. 12s 

Simm's (F. W.) Treatise on Pocket and 
Office Instruments used by Engineers 
and Architects, m the press 

Simm's Practical Treatise on Drawing In- 
struments, 12mo. 2s 6d 

Simm's Practical Treatise on Levelling, 
8vo. cloth bds, lettered, 6s 

Simm's Practical Treatise on Making of 
Roads, 8vo. sewed, 2s 

Sopwith on Isometrical Drawing, 2nd edi- 
tion, 8vo. cloth bds. 16s 

Sopwith on Projecting and Parallel Rules, 
2nd edition, mounted or bd. 3s 6d 

Sopwith's Account of Mining Districts, 
\2mo. plain bds, 4s 6d 

Sopwith's Geological Sections, 4to. lOs 6d 

Stalkartt's Naval Architecture, large Atlas 
folio of plates, and crown folio text, 4/ 4s 

Stephenson's Scientific Description of the 
Locomotive Engine, medium 4to. chth 
bds, 1/ Is 

Stevens on the Pointing of Guns at Sea, 
8vo. sewed, Is 6d 

Smeaton's Builder's Pocket Manual, 5s 

Smeaton's (J.) Reports, Estimates, and 
Treatises on Canals, Rivers, Harbours, 
Piers, Bridges, Draining, Embanking, 
Lighthouses, Machinery, Fire-engines, 
Mills, &c. with other Papers, drawn up 
in the course of his employment, 1 
thick vol. 72 plates, 31 3s 

Smeaton's Eddystone Lighthouse, folio, 
many plates, very neat, 21 12s 6d 

Smith on Cements, 8vo. trith plates, 12s 

Tumbull's Treatise on Cast Iron Beams 
-and Columns, 8vo. bds. 10s 6d 

Tumbull's Cast Iron Sections of Beams, 
8vo. 4s 6d 

Tumbull on the Strength and Stiffness of 
Timber, 8vo. 8s 6d 

Transactions of the Royal Society of Lon- 
don, f^om its commencement in 1665 
to 1800, abridged by Hutton, 18 vol. 
4 to. bds, and continued from that time 
to 1817, by the Transactions at large. 
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in parts, in all 35 vol. 4to. 15/ 15s. Lon- 

don, 1809-18 
Transactions of the Institution of Civil 

Engineers, 4to. Vol. 1, 1/ 10s— Vol. 2, 

l/8s 
Tredgold on the Strength of Cast Iron, 

plates, 8vo. 12s 
Tredgold's Work on the Steam-engine, by 

Woolhouse, 4/ 4s 
Tredgold's Principles of Carpentry, 3rd 

edition, 4to. 21 2s 
Tredgold on Railroads, 8vo. 8s 
Tredgold's Tracts on Hydraulics, plates, 

large 8vo. 12s 
Templeton's Millwright's and Engineer's 

Companion, ^/a/e«, 12mo. 6s 
Telford's Rules for Roads, 8vo. 2s 
Thomson's Epitome of the Progress of 

Science, for 1838, 3s 6d 
Topographical Views of the Antiquities, &c. 

of Great Britain, comprising 1042 

plates from the Beauties of England 

and Wales, arranged in Counties, 5 

vols. 8vo. 5/ 5s 
Waistell's Designs for Agricultural Build- 
ings, with 12 engraved plates of Plans, 

Elevations, Views of Homesteads, &c., 

&c. 4to. bds. Ills 
Whishaw's Analysis of Railways, 8vo. 

138 6d 
Whewell's Doctrine of Limits, 8vo. 9s 
Wiebeking's Civil Engineer, in German, 

large oblong folio 
Wood's (N.) Practical Treatise on Railroads 

and Interior Communication in Gene- 
ral, Svo. plates, 18s 
Year Book of Facts in Science and Art, 

foolscap 8vo. 5s 
Yorke's Tables of the Weights of Square, 

Round, and Flat Wrought Iron, bds, 5s 
Young's Analytical Geometry, part 1, 12mo. 

68 6d 



The Government Report on the Great 

Western Railway, now in progress 
Report on the Birmingham Railway 
Report on the Southampton Railway 
Report on the Hull and Selby Railway 
Various Reports on the Railways now be- 
fore the Houses of Parliament 
Strickland's Reports on Canals, Railways, 
Roads, &c., oblong 4 to. plates, very 
neat, 3/ 13s 6d 
Reports on Highland Roads and Bridges, 

2 Yol, plates, 2/ 10s 
Reports on the Caledonian Canal, 2 vol. 

plates, folio, 3/ 3s 
Reports on the Holyhead Roads, by Tho- 
mas Telford, plates, folio, 1/ lis 6d 



Reports on Supplying Water to the Me- 
tropolis, 2 parts, plates. Is 6d 

Reports on Lighthouses, maps, thick folio, 
10s 6d 

Reports on Gumey's Steam Carriages, * 
folio, 2s 6d 

Reports on Sewers of the Metropolis, fol. 69 

Reports on Steam Navigation to India, 
folio, 10s 



Badnall's (R.) Treatise on Railway Im- 
provements, 8vo. 7s 

Barlow on Malleable Iron and on Iron 
Rails, 2 parts, 8vo. lOs. 1835 

Barlow's Controversy with Dr. Lardner 
on Gradients, in the Philosophical 
Magazine for January, February, and 
March, 1836, 7s 6d 

Barlow's Answer to Lecount on Iron Rails, 
2s 6d 

Birmingham and London Railway, map, 
12s. 1836 

Birmingham and London Railway divided 
into two parts, one the London end, 
and the other the Birmingham, memn/^J 
on cloth and in a case, 1/ Is 

Birmingham and London Railway, mounted 
on cloth, in a 4to case, II 5s 

Birmingham Railway (Extracts of the Evi- 
dence on the), 8vo. Is. 1832 

Brighton and London Railway Bills, Ex- 
amination of Robert Stephenson, Esq., 
G. P. Bidder, Esq., Sir John Rennie, 
and Joseph Lock, Esq., Svo. 7s. 1836 

Concise History of Steam Carriages on 
Common Turnpike Roads, plates, 8vo. 
Is6d 

Cumming's (T. G.) Origin and Progress of 
Rail and Tramroads and Steam Car- 
riages, /i/a/e, 8vo. 3s. 1824 

Daglish (R.) on Parallel Rails and Pedes- 
tals, 2 large plates, 10s 6d. 1836 

Fairbum's (H.) Treatise upon the Political 
Economy of Railways, 8vo. 8s 6d 

Gordon's (A.) Treatise upon Elementary 
Locomotion and Interior Communi- 
cation, j9iia/e», 8vo. 10s 6d. 1834 

Gibb's (of London) Report upon the seve- 
ral Proposed Lines for a Brighton 
Railway, large plan of the Projected 
Lines of Stephenson, Rennie, Cundy, 
Gibbs, Palmer, and Vignoles, 8vo. 5s. 
1836 

Gray (T.) on a General Iron Railway, or 
Land Steam Conveyance, plates, 8vo. 
5s 6d. 1836 

Gumey's Observations on Steam Carriages 
on Turnpike Roads, plates, 8vo. Is 
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Lecounf 8 (Lieut.) Examination of Profes- 
sor Barlow's Report on Iron Rails, 
plates, 8vo. U 6d. 1836 

Lecounf 8 (Lieut.) Letter from Jonah to Pro- 
fessor Barlow on Iron Rails, 8yo. 
2s 6d. 1836 

Liverpool and Manchester Railroad, plates, 
tkck folio volume, 1825 

London Grand Junction Railway, Evi- 
dence before the Lords' Committee, 
eongflete, 10 parts, folio, 12s. 1836 

Maceroni(F.) on Steam Power, 8vo. Is. 1836 

Minutes of Evidence before the Lords on 
the Hull and Selby Railway Bill, 2 
parts, folio, 3s. 1836 

Minutes of Evidence on the Cheltenham 
and Great Western Railway Bill, 2 
parts, folio, 3s. 1836 

North Midland Railway, Evidence before 
the Lords' Committee, 2 parts, folio, atf 
published, 3s. 1836 

Steam Carriages (Report on), 8vo. 3s 6d. 
1834 
. Walker's (J.) Report on the Comparative 
Merits of Locomotive and. Fixed En- 
gines, plates, 8vo. 3s 6d. 1829 

Western (the Great) Railway, Evidence be- 
fore the Lords, 39 parts, complete, 
scarce, 1835 

Steam-boats (Mr. Telford*s Reports on), 
plates, foUo, 5s 6d 

Steam-boats to India (Reports on), plates, 
thick folio, 1/ Is. 1835 

Wood's Elementary Treatise on Railroads, 
reprinted in America, with the addition 
qf several Notes and Addenda, Phila- 
delphia, 1834 

Lordt? Evidence, 
London and Birmingham Railway, Ex- 
amination and Evidence, 7 parts, 
foUo, 14s. 1832 



London and Southampton Railway » 

Examination and Evidence, 20 parts, 

folio, 1834 
Brighton Railway Bill, Evidence and 

Examination, 5 parts, folio, 1836 
Sheffield and Rotherfaam Railway, 

Evidence and Examination, 1 1 parts, 

foUo, 1835 
North Midland Railway Bill, Evidence 

and Examination, with Report, 6 

parts, 1836 
Hull and Selby Railway Bill, Evidence 

and Examination, with Report, 6 

parts, folio, 1836 



Bartlett's Treatise on Optics, 8vo. 14s 

Bowditch's M^chanique Celeste of Laplace, 
translated with a Commentary, 4 voL 
4to 

Danas' Elements of Mineralogy, 8vo. 18s 

Davies' Treatise on Shades and Shadows, 
Linear Perspective, with plates, royal 
8vo. 14s 

Eastman on Topographical Drawing, 8vo. 
plates, 6s 

Evans' Millwright's and Miller's Guide, 8vo. 
new edition, 18s 

Maban's Elementary Treatise on Civil En- 
gineering, with plates^ ^rd edition, en- 
larged, 8vo. 14s 

Shephard's Treatise on Mineralogy, 8 vo. 
half 'bound, 16s 

Silliman's Elements of Chemistry, 2 voL 
8vo. 1/ 12s 

Storrow's Treatise on Water-wonks, 12mo. 
7s 6d 

The American Journal of Science and Arts 

President Wayland's Work, Elements of 
Moral Science, 6th edition, 8vo. 9s 



DRURT, 17, Bridgewater Square, Barbican, London. 



